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PREFACE 


In this book authors answer the question proposed by 
Florentin Smarandache “Does there exist neutrosophic numbers 
which are such that they take values differently and behave 


differently from I; the indeterminate?". We have constructed a 
class of natural neutrosophic numbers Ip, I7, I’, I7 where 
I xb =b; Rx =I} and Ip xI; = I; and IPXxl1? = 
Ip and IP xI? = I- 

Here take m = 12, x = 4, y = 9 and z = 6. For more refer 
chapter one of this book. Thus we have defined or introduced 
natural neutrosophic numbers using Zm under division. 

Further there are more natural neutrosophic numbers in the 


MOD interval [0, m). This concept is thoroughly analysed in 


chapter two. Using all types of MOD planes and MOD intervals 


we have generated both natural neutrosophic numbers and MOD 
neutrosophic numbers. 

Further the MOD intervals and MOD planes have a special 
type of zero divisors contributed by units in Z,. Such type of 
zero divisors are termed as special pseudo zero divisors leading 
to the definition of special pseudo zero divisors and MOD 
neutrosophic numbers apart from natural (MOD) neutrosophic 
nilpotents, zero divisors and idempotents. Lots of open 
problems are suggested in this book. Certainly this paradigm of 
shift will give a new approach to the notion of neutrosophy. 

We wish to acknowledge Dr. K Kandasamy for his 
sustained support and encouragement in the writing of this 


book. 


W.B.VASANTHA KANDASAMY 
ILANTHENRAL K 
FLORENTIN SMARANDACHE 


Chapter One 


NATURAL CLASS OF NEUTROSOPHIC 
NUMBERS 


In this book for the first time authors define a new notion 
called natural neutrosophic numbers. They are different from I 
the indeterminate or the neutrosophic number defined by 
Florentin [3]. 


As we proceed on to define them one can see how different 
they are from other neutrosophic numbers. Infact they naturally 
occur. This answers a problem by Florentin Smarandache about 


the existence of a natural neutrosophic number. 


Throughout this book Z, will denote the ring of modulo 
integers. 


Clearly {Z,, +, X} is a commutative finite ring of order n. 


Take Z» = (0, 1]. : = | but is not defined and - = 0 


and is not defined. 


So if we define the operation of division clearly 
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1 0 
Z, = (1,0, 0’? m IÈ } where 
2 1 0 : na Se : . 
I, = a = D that is any element divided by 0 in Z, is an 


indeterminate and is denoted by D. They will be known as 


natural neutrosophic numbers and Ij in particular the natural 
neutrosophic zero. 


E 
Thus = = I (by definition). 
0 


This is just like 9 (n Z 0 for all n € Z\ {0} is defined as 0). 
n 


Thus ( Z} ,/ } has the following table. 





























/ 0 1 I, 
0 p 0 D 
1 K 1 I 
Ij Ij Ij Ij 





This is the way operation of division is performed on Z5. 


0 p hop Lp 
== d — zl. 57l. 
I; 0 I; 

1 2 

sd and 2=[ 

lo 


Clearly / is a non commutative operation on Zl . 


Is / operation associative on Z$ ? 
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Consider 0/ (1/1) = (0/1) 20 id 
Consider (0/ 1)/12 (0/1) 20 s: IT 


So for this triple *^/ is an associative operation. 


Now consider Z; = (0, 1, 2}, Z! = {0, 1, 2, R} is again a 
closed under /. 


The table for Z; is as follows: 


























/ 0 1 2 R 
0 R 0 0 R 
1 Lj 1 2 I) 
2 Dn 2 1 I 
R R R R R 














Thus I} and If are the natural neutrosophic elements or 


naturally neutrosophic elements of Z; and Z. respectively. 


Now consider Z, = (0, 1, 2, 3). 


Z = (0, 1, 2, 3.15, D ) for E is not defined so is i also 


not defined. 


is not defined and z, n are all not defined and they are 


denoted by Ij. 
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> 


5 are denoted by I5. 


ww 
NIN 


1 
2’ 


É xÉ 


Il 
A 
on 


ppl epe 


Ih x Ip 


Il 
— 
of 


Thus Z} has two indeterminates Ij and I5. 


They are natural neutrosophic elements of Z;. 


Thus if in Z,, n is not a prime we may have more than one 
natural neutrosophic element. 


Clearly Z4 has two natural neutrosophic elements. 


Next we find for 
Zs = {0, 1, 2, 3, 4} 


the natural neutrosophic elements 
Z!= {0, 1, 2,3,4, R}. 
Thus o (zi) = o(Zi) but they are not isomorphic. 


Consider 
Ze = {0, 1, 2, 3, 4, 5} 


Zl= {0, 1, 2,3, 4, 5, I6, I$, I$, IS E 


Clearly 3 € Zs is such that 3° 2 3 but also 3x 2 = 0 so 3 is a 


Sut i. . f 
zero divisor hence 2 i € Zs are all indeterminates. 
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Hence YA = 10 and Zę contributes to 4 natural 
neutrosophic numbers. 


If xÉ = I$ = If xI = I$ x T6 


É xÉ =$, É xI =I, 
If x IÉ = I$, É xI = I$, 
É x IÉ = I$, EARS 


This is the way natural neutrosophic product is defined. 


4 4 4 
i I 
But what is — and — and — -Ij and 
0 2 2 
D n 
— = I, and so on. 
I 
0 


Now product can be defined; addition can be made only in a 
very special way. Once we write Zi it implies Ze contains all 
natural neutrosophic numbers from Z,. 


Now in case of Z} = (0, 1, I} if we have to define + 
operation then the set 


G={Z),+}={0,1,15,1+ E] 
is only a semigroup under + modulo 2 as 
I? + Ņ = IG (is defined) 


and G will be known as natural neutrosophic semigroup. 
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{Z,,x} = (0, 1, f, x) 
is given by the following table. 


We define 0 x I; = I2 only and not zero. 














1 K 

0 0 Ij 
0 I 

In I In k 











Thus {Z}, X] is a semigroup under x, known as natural 
neutrosophic product semigroup. 


But 
{Z3 +, x} = {0,1,1 +6, I} 
is a semiring. 


Clearly this is not a semifield. 
(Z5, +, X} is a field. 
Consider 
{Z}, +}={0,1,2, 0,147.24 D] 5S. 
Clearly S is a semigroup under +, as 
+= 
so nothing will make them equal to zero for 


Lf 1, i=, 40, 
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The table for Z}, under x is as follows: 



































0 K 1+ 

0 0 0 D D 
0 I 1+ 1p 

K K K K K 
1+5 K 1+5 K 1+5 





Thus S = {0, 1, I 1+ 1) is only a semiring in fact a 
semiring of natural neutrosophic numbers and is of finite order. 

This answers a very long pending question that of the 
existence of finite semirings of finite special characteristic n; 
2 <n<oo, However it is not the classical characteristic n and 
semifields other than the ones got using distributive lattices L as 
semirings or LG the group distributive lattices or LS the 
semigroup distributive lattices. 


Thus from this we get a class of finite semirings which are 
not strict semirings as 1 + 1 = 0 (mod 2) and 1 #0. 


Z! ={0,1,2, B B, 1+ B,2+ DI (B) =E and 
R+ =F): 
d+R)+1+R=2+0. 
I} + I} = Ij and (245) = | 4 I} and so on. 
Thus ( Zi, +} is only a semigroup under +. 


(Zi, x) is also only a semigroup. 
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Thus { Z , +, X] is a semiring of order 6. 
Consider 


Z = {0, 1,2,3, DVD I-IS2-4T-3-Db. 24D 1415 


Som Dep be -D;2 ag od, web 41 *44 


=K, x Ņ =, 5x5 el, b+ =G, Ņ + =}. 
{ Z, , +} is a semigroup this has idempotents and { Z: , X} is 


a semigroup this has zero divisors and { Z}, +, x] is a semiring 
of finite order and it is not a semifield. 


Next we study 
Zi = {0, 1,2,3,4, R, 14+8,2+1,3+ 1,4+ D } here 


ExT ak, R+ Rahs 0x I, =H andt Ņ = Ñ forall t 


€ Zs. Zi has 10 elements. 
Infact Zi is a not semifield only a semiring of order 10. 


Consider Z} = (0, 1, 2, 3, 4, 5, I6, I$, I$, IÉ, I6 + I6, 


I6 + I6, 16 + I6, 0+, 8+, 8+, 
(IJ = 15, (i = 18, ISx IS =É, Ix - r5, 
IÉ x IÉ = I6, É xÉ = oped eel ego bo 
IÉ xI = I6, É xI = I$, xI =I, 
If xÉ = I6, 6 + 6 =Ñ, É +É = I$, 


hate ar 
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(Zi. X, +} is only a semiring of finite order. 


Now Z} = {0, 1, 2, 3, 4,5, 6, R, 1 415, 2 +0,3 +I}, 
4 +1}, 5 +1}, 6 + I}} is a semiring of order 14 infact not a 
semifield as 4 + 3 = 0 (mod 7). 


In view of this we have the following theorem. 


THEOREM 1.1: Let Z! = (0, 1,2? ., n- 1,1}, 1 + If, s 
n—1-* Ij }; na prime be the natural neutrosophic set. Ez t, 
X) is not a semifield but only a strict semiring of order 2n. 


Proof follows from simple number theoretic methods. 


The total number of elements generated by 
Z; = (0, 1, 2,3,4,5, Ij, IÉ, 4, É, 1 415,2- 15,4 15,3 
I, 1+ I$,2+ I6, 4+ D,3-1,1- 15,2- 15,3 15,4 * IÉ, 
14+1,2+0,3+0,4+06,5+0,5+0,5+06,5+8, I$ 
+ IÉ, I6 + I6, I6 + IÉ, 6 + É, IÉ + I6, É + 6,1 +6 +6,2 
+ É +6,3 + IÉ +I, 4+ I6 + 6,5 + I6 + IÉ, 1+ 18 + 1,2 
+ É +É, 3+ É + É, 4+ IÉ + 6,5 + 6 + 6,1 + É + 18,2 
+É +I, 34+ 1 +I, 5+ É +I, 4+ IÉ + I6, 1+ É +6,2 + 
É + I6, 1+ I6 +I,3+ É +6,5 +6 +6, 4+ + I6, 2+ 
I6 + I6, 4+ I6 + IÉ, 3+ IÉ +I, 5+ I6 + I6, 1+ + 1%,2+ 
É +, 3+ É+, 4+ É +, 5+ 6 +I, Eee +e, 
+É +É, +I +, É + É +I, 1+6 + + É,3+ 
I6 + I + É, 2+ I6 +É +6,46 +É +6,5 + 6 +6 + 
É, 1+% + IÉ +I, 2+ 6 + É + 6,4 6 + E HI, 
+ É + I, 5+ I6 + É + I6, 1+6 + É H, + 6+6 HI, 
3+ É +É +I, 4 É + É +, 5+ 6 + É H, + EH 
É + I, 2+ É + É +I, 3 + I6 + 6 + 6,5 + 6 + É +I, 
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-É-É-ÉDL-ÉL-L-ENElI-L-É-EÉE-1,.24L 
SEG oREGSIuI-rneT RET DEL 1.5 


+6 + É +É +I} 
The semiring { Zo , +, X} is of order 96. 


Consider Z; = (0). 1, 2, 3, 4, 5, 6, 7, TD É, Es 
1 +E +É+É, 6+6 +É -05...7 + 45-4 
É +} is a semiring of order 128. We make a notational 
default by putting Zl for (Z can be easily understood by 


context. 


However { Zj, +, x) is a natural neutrosophic semiring of 
order 72. 


Thus we cannot say with increasing n the cardinality of 
Z! will increase. 


Zio = {(0, 1, 2, 3, 4, 5, 6, 7, 8,9, 1, D. D^. 19 ele L2. 
The number of elements in (Zio) is of cardinality 640. 
Ze bold. bbb 
is a semiring. 
Clearly o( Zi, ) > o( Zi). 
In view of this we have the following theorem. 


THEOREM 1.2: Let { ZL, +, x} =S be a semiring. 
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If n is the prime then S has only one natural indeterminate 
generating S. 


If n is a non prime which is a product of several distinct 
primes then order of S is very large. 


Proof is direct and hence left as an exercise to the reader. 


It is to be noted that at each stage for I’; 0X t « n say 


I, x If is to be defined where 0 < m, s < n. 


So finding the table of all product is an interesting and 
innovative work. 


This will be first illustrated by an example or two. 


Three things are important to be observed. 


i. If on Z} only product is defined. 


ii. If on Z| only sum is defined. 


iii. If on Z| both sum and product is defined. 


In all the three cases the order of them are different. 


First this will be illustrated by few examples. 


Example 1.1: Let S = (Zi, +} be the semigroup of natural 
neutrosophic elements. 


Zi P (0, 1, 2, 3, 4, 5, Dx I$, É, IÉ} 


S= Z; = {0, 1, 2,3,4, 5, 5, IÉ, 5, If, 1+ I, 2+I6,3+ 
D.4«D7,5- 6, 1+, 2 +, 3+6, 4+É, 5+6, 1+6, 2 
+6,3 + É, 4+, 5+6, 1 +16,2 +16,3 415, 4 «15, 5 + If, 


I6 +I6, +0, I6 +18, I$ «15, I 416, É 415, B+ Db +I, I6 
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++, H+ É + IE, 5 + É + I6, 6 +5 4+ 8 +8,14+ 8 
+I, 2+ I6 + 16,3 + I6 +I, 4+ 0 4+6,54+04+0,1+ 04+ 
É, 2+ I6 £0, lee +É that kee] 
+É} 


Thus cardinality of S is 
6+4+4x5+6+6x5+4+4x5+1+5=96. 


Now R = { Z4, xX} = {0, 1, 2,3, 4, 5, IÉ, IÉ, IÉ, E 


I x É =I, I6 x Ii =$, 6 x É =%, Éx É =É, 
É x É =1%, É x Ii = $, x É =$, 


IxDLernpocpeb. 


This is the way product operation is performed and 
cardinality of R is only 10 and R is a semigroup under product 
X. 


Let Q = ( ZL, +, x} be the semiring; cardinality of Q is 96. 

Thus o(Q) = o(S) = 96. 

Infact we will give one more example of this situation. 
Example 1.2: Let S = ( Z} , +} be a semigroup. 


S= {0, 1,2,3,4, Fol 4h 24.34) .4 + D} 
and o(S) = 10. 


Let R={Z5,x} = (0, 1, 2, 3,4, D}. 


Clearly order of R is 6. 
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Q= {Z}, +, x} = {0, 1, 2, 3,4, E, 145,2 «D, 3 +6, 
4+ D. +, X} is a semiring of order 10. 
In view of this we have the following theorem. 


THEOREM 1.3: Let [Zos +} = S be a semigroup of natural 


neutrosophic numbers under +. 


R={Z X] be the natural neutrosophic semigroup under x 


and Q = { E X +} be the natural neutrosophic semiring 
(p a prime). Then o(S) = 2p, o(R) = p + 1 and o(Q) = 2p. 


Proof is left as an exercise to the reader. 


Next we consider the case of Z| where n is a non prime. 


Example 1.3: Let iz +} = S be the natural neutrosophic 
semigroup under +. 


S 24001, 2,3.4,5,0. I É, eh: 
14+6,14+8,1+8,..,7+5 +8 +8 +É, +} 
is semigroup of finite order. 


However (Zs, n. D. n. I X) 1s a semigroup of order 12 
only. 


Q={ Z; , +, X} is a natural neutrosophic semiring of finite 
order. 


Example 1.4: Let { Z), +} = {0, 1, 2, 3, 4, 5,6, 7,8, D, B, K, 
1 «D, 1 «D, 19 h,...,8+ Ej + E +R ,+} be a natural 
neutrosophic semigroup of order 72. 
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o({ Zl, +}) > o({ Z3, +}). 


R= {Z;,x}= {0, 15253; 4, 5,6, 1, 8, D. È, R, x} 
is a semigroup of order 12. 


Q={ Z , +, X) is a natural neutrosophic semiring of order 
72 whereas, 


Q={ Z , +, X} is a natural neutrosophic semiring of order 
128. 


What will be the order of {Z}, x} = R, the natural 
neutrosophic semigroup? 


ESI 12.4.96 k el ek 5k 3 
T5. Tis + Iso Dio DX} 


Clearly o( Z}, , x) > o( Z. , xX). 


33° 


Similarly o( Z}, , +) > o( Z}, , x). 


3 , 23? 


Further o( Z} , +, X) > o( Z. , +, X). 


In view of this we have the following theorem. 


THEOREM 1.4: Let [25 +} = Sp S2 = {Zin +} (p and q are 


primes p > q) be natural neutrosophic semigroups. 
Then o(S;) > o(S;). 


Proof follows from simple number theoretic arguments. 


THEOREM 1.5: Let P; — {Z , X} and P, = {Zon X] be any two 


natural neutrosophic semigroups under x. 
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o(P,) > o(P;) if number of divisors of p is greater than the 
number of divisors of q. 


Proof follows from simple number theoretic arguments. 


We will first illustrate this situation by some examples. 


Example 1.5: Let Sı = {Z}, x) and S; = (Zi, x) be two 


natural neutrosophic semigroups under x. 
o(S) > o(S5) but 15 > 12. 
Consider the natural neutrosophic elements of Z2, 
| alee Gg) Panel Parle bea heel ge 
The natural neutrosophic elements of Z,5 are 
pH py. 

So o( Zi, X) > o(Z,, x) however 15 > 12 but number of 

divisors of 12 is 4 and that of 15 is only 2. 


Zi» has more number of zero divisors than that of Z;5 that is 
why (Zl, x) has more number of zero divisors so is a natural 


neutrosophic semigroup of larger order. 


16 


Example 1.6: Let (Z1, } = {0, 1, 2, 3, ..., 15, IÉ, O°, T, Ti^, 
na e 


Sum of any two elements is D? + If and so on. 


16 16 _ 716 716 16 _ 716 
I, x I, =L. I, x I, =I, 
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16 16 _ 716 716 16 _ 716 
LxlL-Lh.Lbxl,zl, 
ie x r — [5. [5 x [6 = qo 


8? 0 x 0 


for all x € (2, 4, 6, 8, Io, 12, 14}. 








Ef x eT. pore 
I$ x I$ ep. Ex SE 
I$ x I$ ern L$ x I$ =I, 
I$ x I$ =I, xl er. 
a = DT = I$, 
Jor = I$, pod eb. 
D wp I Dope. 
px = I$, isei., 
DT er. pr =I, 
Dx ers poros. 
IU x I$ TS pod ep. 
pci er 








Thus ( Zi, X} is a natural neutrosophic semigroup of order 
24. 
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Now 


(Zi. +} is a natural neutrosophic semigroup under +. 


o( Zi, , +) is a very large natural neutrosophic semigroup. 


Letx 28-4 D? + I? andy 234 I? + If € Zi, 
x+y=11+ D? +21% + D* 


Example 1.7: Let Z}, be the natural neutrosophic numbers. 


Zu SI E2191 bp d s dels 


D? Do AU 


rer Io, E, LS}. Product can be defined for 


D? x I? = I? and so on. 
However sum of D? + I? is taken as it is for every I^; 
x € (0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 5, 15} C Zoo. 


Thus o( Zi , X) = o( ZZ ) however o( Zi, , +) # o( Z, ). 


We will illustrate this situation in case of 
Zio = {0, 1, 2, 3,4, 5,6,7, 8,9, T D Vb oe ses E}. 


UZ *j = {0, l, 2, 3, 4, 5, 6, 7, 8, 9, iE Ds l I D 


10° 
10 10 10 10 10 10 10 10 
I; ,at+I,,a+I,,a+I, ,a+I],,a+],,a+I1,,b+I1, + 
10 10 10 10 10 10 10 10 10 
ls Ded ee ea btk rbidel +L +L.e+th 


10 10 10 10 10 10 10 10 10 
EEFE tle yey dtk te Óeb.erlLh tI sted + 
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10 10 10 10 10 10 10 10 10 10 
Lo IRI tE +L tk i ee, tk L ELLs 
etl +++ +l, g++ +0 +] + 
htt +P + + Ty + TP ae Zio\ {0}, b, c,d, 


e, f, g, h € Zio] is only a semigroup under +. 


For IP + P =; P x IP = I} and 


I? + I? = I? forall x e {0, 2, 46, 8, 5}. 


Infact { Zio» +} is only a natural neutrosophic semigroup of 
finite order which is commutative. 


Clearly the set N; = { I? [x € (0, 2, 4, 6, 8, 5] ) also forms 
a subsemigroup under + called as pure natural neutrosophic 
semigroup. 


Infact N; is an idempotent semigroup. 


However all subsemigroups of ( Zig, +} are not idempotent 
subsemigroups under +. 


Infact even natural neutrosophic semigroup is a 
Smarandache semigroup as {Z,, +} c ( Z} , +} is a group. 


But (zi , X} is a natural neutrosophic commutative 


semigroup but is a Smarandache semigroup if and only if Z, is a 
S-semigroup. 


Several interesting properties in this direction can be 
derived. 
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Finding ideals, zero divisors, units, idempotents of { he x] 
happens to be a matter of routine. 


Here we give one or two illustrative examples of them. 


Example 1.8: Let S = { zm +} be the natural neutrosophic 
semigroup. S is a S-semigroup. 


S= {0, 1, 2, 3, 4, 5, 6, Ip, 1 + Ip, 2 + Ip, 3 + Io, 4 + Io, 5 + Io, 
6 + Ip, +} is a semigroup under +. 


Order of S is 14. Infact S is a S-semigroup. 


Example 1.9: Let S = { Zi, , +} = (0, 1, 2, ..., 13, I I D. 


14° 
14 14 14 14 14 14 14 14 
lov k> lo lo: boat hath te eat +I, + 
14 14 14 14 14 14 
L ++], +o + Ig +L ;ae Za x, ye {0, 2, 4, 6, 8, 


10, 12, 7}} be the natural neutrosophic semigroup. 


{S, +} is a S-semigroup. S has subsemigroups which are 


idempotent subsemigroup. 


P = {0, I? + I?) c S is an idempotent natural pure 
neutrosophic subsemigroup of order two. 


14 14 14 14 _ 714 14 

I, +1; +1, +k =1, + i as 
14 14 _ 714 14 14 _ 714 
I, +i =I, andl +1; =I, . 


Consider x = 7+ Iý andy=2+ D' eS; 


x+y=9+ I ID. 
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However x + x= lj andy+y=4+ I“. 


So all elements of S are not idempotents. 
Only some of them are idempotents. 
Infact S has several idempotent subsemigroups. 


Clearly all subsemigroups of S are not idempotent 
subsemigroups. 


Example 1.10: Let S = (Zi,, +} be the natural neutrosophic 


semigroup. S has subsemigroups which are idempotent 
subsemigroups. 


S has subsemigroups which are not idempotent 
subsemigroups. S is a Smarandache semigroup of finite order 
which is commutative. 


In view of this we give the following theorem. 


THEOREM 1.6: Let { Z, +} = S be the natural neutrosophic 


semigroup (p a prime). 


(i) o(S)=2p. 

(ii) S has only one natural neutrosophic element. 

(iii) S has only two idempotent subsemigroups barring {0} 
subsemigroup. 


(iv) Sis a Smarandache natural neutrosophic semigroup. 
Proof is direct and hence left as an exercise to the reader. 


THEOREM 1.7: Let S = {Z}, +} (n a composite number) be a 


natural neutrosophic semigroup. 


(i) Sis of finite order. 
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(ii) Sis a Smarandache semigroup. 

(iii) S has subsemigroups which are idempotent 
subsemigroups. 

(iv) S has subsemigroups which are not idempotent 


subsemigroups. 
Proof is direct and hence left as an exercise to the reader. 
We will illustrate this situation by some examples. 


Example 1.11: Let S = { Zi, +} be the natural neutrosophic 
semigroup. 


P = Z, c S is a group so S is a S-natural neutrosophic 
semigroup. 


P; = (0, I} } CS is an idempotent semigroup of S. 
P2 = {I} } CS is also an idempotent subsemigroup of S. 


P, = {a + I, lae Z} Cc S is not an idempotent 
subsemigroup of S. 


Example 1.12: Let S = (Zi,, +} be the natural neutrosophic 


semigroup. 


S is a Smarandache semigroup as Zio c S is a group under 
+. 


( I? } are idempotent subsemigroups x € (0, 2, 4, 6, 8, 5} of 
order one we have six such subsemigroups. 


{0, D? where x € (0, 2, 4, 6, 8, 5} are idempotent 
subsemigroups of order 2. 
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P, = (I? + I, 0} is a subsemigroup. There exists 15 
idempotent subsemigroups of order two. 


R, = (I) + I?) CS is a subsemigroup. There are 15 such 
subsemigroups which are idempotent subsemigroups. 


T, = {If + I? + I2) CS is an idempotent subsemigroup 
of order one. 


There exists 20 such idempotent subsemigroups. 


L= {ip + IP + I? + I? + IP + I?) is again an 
idempotent subsemigroup. 


Infact the largest idempotent subsemigroup is given by 
Veto Tele lad, play leaky Fleeced ede gel, 
eT ew de ok Pd ee a ee adh Lx 
Lede ei ole uL ele ES] ed ee E = 
L T.I TI tlt ely 41) pes: 

Every proper subsemigroup of V is also an idempotent 
subsemigroup of S. 


Several interesting results can be got. 


Next we proceed onto give examples of the notion of 
natural neutrosophic semigroup under product. 


Example 1.13: Let 
Se[12,:x]910.15,2.3..3.6, 7, 8,9, 10 11, I}, Ts 


I2, I2, IP, b D, I? } be a natural neutrosophic semigroup. 
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S has several zero divisors. 4x 320,2x620,6x420 
and so on. 


Certainly the indeterminates cannot lead to zeros. For 
product of two natural neutrosophic numbers are never zero. 


However If x I? = IP, I? x I? = If so these natural 
neutrosophic numbers are not idempotents in general that is 
their product is not the same. 


But some of them can be; for I? x I? = I7, 
pL Xi Si ek =, -1 ado 
S has idempotent subsemigroups. 


For take T, = (I7 ), T; is an idempotent subsemigroup of 
order one. 


T» = (0, 4, 9} is also an idempotent subsemigroup of order 
three. 


T; = {If, I7, D?) is also an natural neutrosophic 
idempotent subsemigroup of order three. 


T, 2 {I}, I7, I? ) is a natural neutrosophic subsemigroup 
which is not an idempotent subsemigroup of S. 


(I7, I2) = Ts is a natural neutrosophic subsemigroup of 
order three but is not an idempotent subsemigroup. 

Ts = (0, 1, 15 IL) is again a natural neutrosophic 
subsemigroup of order four and is not an idempotent 
subsemigroup. 
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Thus { Zi, , x} has idempotents, units and zero divisors. 


This semigroup is a S-semigroup which has idempotent 
subsemigroups. 


Example 1.14: Let S = (Zi,, x) be the natural neutrosophic 
semigroup. 


Clearly o(S) = 38. S has no zero divisors. 

S is a S-semigroup of finite order. S has only 

P= (0, 1, [I „l+ i } to be idempotents. 

Infact P is an idempotent subsemigroup as 

I) x If =If ad(0+p)xA+p)=1+p. 


If S is assumed to have addition also then by o(S) = 38. If S, 
is just (0, 1, 2, ..., 19, I } then o(S,) = 20 and xip = If? and 
has {0, 1, i } to be the set of idempotents. 


All elements in S, \ (0, Dj are units and S, has no 
nontrivial zero divisors. S; has subsemigroups given by 


Pres 0/1; p h 

P; = (0, 1, I}, 18}, 
P; = (1, Ij], 

P, = (0, Ip } 


P; = {1, D 18) and so on. 
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In view of these two examples the following theorems can 
be proved by any interested reader. 


THEOREM 1.8: Let S = { Zi x} be the natural neutrosophic 


semigroup (p a prime). Then the following are true. 


(i) S is of order p + 1. 

(ii) S is a S-semigroup. 

(iii)S has no zero divisors. 

(iv) S has only three idempotents. 

(v) S has (p — 1) number of units including 1. 

(vi) S has idempotent subsemigroups. 

(vii) S has also subsemigroups which are not idempotent 


subsemigroups. 
Proof is direct and hence left as an exercise to the reader. 


THEOREM 1.9: Let S = { Zo X] be the natural neutrosophic 


semigroup, n a positive composite number. 


i. o(S) is finite and the order of S depends on the number 
of zero divisors and idempotents of Z,. 

ii. S is a Smarandache semigroup if and only if Z, is a S- 
semigroup. 

iii. S has idempotents. 

iv. S has zero divisors. 

v. Shas units. 

vi. S has subsemigroups which idempotent 
subsemigroups. 

vii. S is not an idempotent semigroup. 

viii. S has subsemigroups which are not idempotent 


subsemigroups. 
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Proof is left as an exercise to the reader. 


Next we proceed on to define both the operations + and x 
on Z}. 


Already examples of them are given and Zi under + and x 
is defined as the natural neutrosophic semiring of finite order. 


Now we make a formal definition. 


DEFINITION 1.1: Let S = (Z}, +, x); clearly {(Z}, +)} is an 
abelian natural neutrosophic semigroup with 0 as the identity. 


(Z|, x) is a semigroup of natural neutrosophic numbers 
which is commutative. 


Thus (S, +, X) is defined as the natural neutrosophic 
semiring of finite order of special characteristic n. 


We will first illustrate this situation by some examples. 
Example 1.15: Let 

SEIL ID pel Edo T LL eL s 
(rg al HEt H H, ag xD 
+a IPE A HR I, ast I + 0+ Tp + 
+ Ip +IP |ae Zio\{0}, x, y, z use {0, 2, 4, 6, 8, 5}, ar ar, 


a3, a4, às € Zio, +, X] is the natural neutrosophic semiring. 


Clearly S is not a semifield as S has zero divisors. 
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Further a + b = 0 is not true with a + 0 and b #0. So S can 
never be a semifield for any Zl ; n any positive integer. 


Let 
x=9+ IP +IP +IP 
and 
y=3+P +p eS 
x+y =2+4P +P 4+12 +12 + 
and 
xxy =(9+ IP +12 + 12)xB+l? +I) 


=7+ E ++I +D +l +IP eS. 


This is the way + and x operations are performed on S. 


This natural neutrosophic semiring has zero divisors, units 
and idempotents. 


Let 
y=IP +I} +E andx - (Ip «I? )e S, 


x+y= R el +00 +], 
xxx=( +1?) x P +I) = IP + Ty + If #x. 
So this element x in S is not an idempotent. 
However I!” and Ij” are idempotents of S. 


yxyz(I +I) + Ip) x e+ I? +i) 


=R +I) + I) Ly 


So y € S is also not an idempotent of S. 
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poub-qp. 
Let 
s=IP+TPes 
sxs= (If +I?) x (e+ I?) = P + IP. 
Thus s is an idempotent of S. S has idempotents all I? ; 
x € {0, 2, 4, 6, 8, 5} are not in general idempotents. 
I x I = I? and IÈ x IP = IP. 

Let 

x= +I eS; 

xxx =(P +I) x (IP +I) 
=P +IP =xeS. 

Thus x is an idempotent of S. 


Next we can study the ideals and subsemirings of S. 


Example 1.16: Let S = {( Zi , +, X)} be the natural neutrosophic 
semiring. 


S = {0, 1, 2, 3, ..., 10, [5s X + L x € Zi, \ {O}} be the 
natural neutrosophic semiring. 
Let 


cep esdxteT xi = 1) et 
Let 
R= 741, €S; 


xXx=(74+I)x(7+)=54+ I zx. 


Thus x is not an idempotent. 


Natural Class of Neutrosophic Numbers | 35 


T = {0, Lj ,Ll-4 Lj } is a collection of idempotents in S. 


It is clearly verified T is not a subsemiring; however (T, x) 
is an idempotent semigroup of order 4. S has no other 
idempotents. 


We see T, = (0, I } is a subsemiring. 


Example 1.17: Let S = ((Z5,, +, x)) be the natural neutrosophic 
semiring. 


T={0,1,1+ I? 1 I? } is the collection of all idempotents 
in S. 


However T is only a subsemigroup under x. 


But T is not a subsemigroup under +. So T is not a 
subsemiring. 


Example 1.18: Let S = (( Ze +, X)} be the natural neutrosophic 


semiring. S has subsemirings, idempotents, zero divisors and 
units. 


45 45 45 45 45 45 45 45 45 45 45 
{ L ? I, d I; ? I, ? I ? I; > Ij > b; > b; ? b; > Lo 9 
45 45 45 45 45 45 45 45 745 45 
L5 , Ls ? Lo , I ? I; , Ii ? D, > D; d b; ? Lo } 


are all natural neutrosophic numbers. 


S has 


45 45 _ 745 45 45 _ 745 45 45 
Tio x Lio xx Ij; I; x I; S I, > Lo x Lo 


_ 745 
=h 


and so on. 


i. All natural neutrosophic numbers in general are not 


neutrosophic idempotents. 
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ii. A natural neutrosophic number can be natural 


neutrosophic nilpotent. 


We say I; is natural neutrosophic nilpotent if 


popen. 


iii. In general E; x I = I); y #x and y #0 can occur 


in case of natural neutrosophic numbers. 


This is evident from Example 1.18. 


For 


45 45_ 745 45 45 _ 745 
19x52 19. I5 5c T5 = T 


45 45 _ 745 
RM e x k -I 


45 45 _ 745 
36? I, x I, = I 


and so on. 
DI SA andl x i = p 
are natural neutrosophic nilpotent elements. 
45 45 _ 745 
Tio x Tio = Ii 
is defined as the natural neutrosophic idempotent. 


As in case of the neutrosophic number I (or indeterminacy 
I) we do not always have P = I. 


45 45 _ 745 
bs X b; = Lee 


is again a natural neutrosophic idempotent of S. 
We see P; = (0, I7 ) is a subsemiring. 


P; = (0, I5 } is again an subsemiring. 
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- 45 45 45 45 45 45 45 45 
P3= {0, Lz. Los b> bs +h. be + ho» ho 4l. 
45 45 45 
Ty + Le + Lo } 
is again a subsemiring. 


Clearly all the three subsemirings are idempotent 
subsemirings. 


Example 1.19: Let S = {( Z}, , +, X) } be the natural neutrosophic 


25 , 
semiring. 


32 32 32 32 32 32 32 32 32 
Se 10.12 LIS VT pl lea SS hs. 
32 32 32 32 32 32 32 
I. D. I». Li. LI. D. D)! 
under + and x operations. 
32 32 _ 732 12 32 _ 732 732 32 _ 732 
LxLhzlLh,l;xl;sLh.,LhxLb-1lL. 
This has no natural neutrosophic idempotent. 
32 32 _ 732 32 32 
Further I x I = I; or [ig or I only. 


Clearly this semiring has no natural neutrosophic 
idempotents. 


Example 1.20: Let 
S={ cus)eo 2:261. ol yds 
o In» Is» SEDE 


generates the natural MOD neutrosophic semiring. 


27 27 _ 127 27 27 _ 727 
L xE =K. xij =i, 
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27 27 _ 127 727 27 _ 727 
I xi =k. bxh =f. 


6 12 
27 27 27 27 27 _ 727 
I; x I; "E I, ? Is x Is và I, ? 


27 27 _ 727.727 27 _ 727 
i, xb = 1, QD, xh, =. 


Clearly S has no natural neutrosophic idempotents. But S 
has natural neutrosophic nilpotents. 


Example 1.21: Let 


S= {Z}, +, OLS TO 1, 2, ..., 24, D, P 


25 25 25 
Q0: o 2552 I. I. D). 


+, X) be the natural neutrosophic semiring. 
xe; 
T's I5 ly. 
I xi, el and 
Dx Tag = i. 


All the natural neutrosophic elements are neutrosophic 
nilpotent. 


However there is no neutrosophic idempotent. 


Example 1.22: Let S = K Zis , +, X} = (0, 1, 2, ..., 124, >, 


125 125 125 125 125 125 125 125 125 125 125 125 
I; ? Ij > m ? Lo ? b; 2 I. Ls ? Lo > Ls d Is, ? I5 , Io 2 


125 125 125 125 125 125 125 125 125 125 125 125 
Iss > To 2 E; J Igo 2 m > I; , Ls 2 In: Tos » In lis. I» )s +, 


X} be the natural neutrosophic semiring. 


Natural Class of Neutrosophic Numbers | 39 











D? x D. m bo , 
IS x IS = n" > 
pd => and 
1a x 1 = 1 


are the natural neutrosophic nilpotents. 
S has no neutrosophic idempotents. 
In view of this we leave open the following conjecture. 


Conjecture 1.1: Let 


S= Zz. , +, X) | p is a prime and n a positive integer} be 


the natural neutrosophic semiring. 


(i) Can S contain natural neutrosophic idempotents? 

(ii) Find the number of natural neutrosophic elements 
in S. 

(iii) Find the number of natural neutrosophic nilpotents 


in S. 


Next we proceed onto describe the result by a theorem and 
define the new notion of natural neutrosophic zero divisors. 


THEOREM 1.10: Let S = KZŽ, +, x)} be the natural 


neutrosophic semiring. S has natural neutrosophic idempotents 
if and only if Z, has idempotents. 


Proof: x € Z, \ {0, 1} such that x! =x and (n, x) 2d z 0 if and 
only if I; € S is a natural neutrosophic idempotent of S. 
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DEFINITION 1.2: Let S = {Z}, x] be the natural neutrosophic 
semigroup. 


Let I? and I; € S; if I} x Ij = Ig (x £y) then we define 


this to be the natural neutrosophic zero divisor. 


First we will illustrate this situation by some examples. 


Example 1.23: Let S = (Zi,, X} be the natural neutrosophic 
semigroup. 


12 12 12 12 12 : 
I?, I7, IZ, IP, I2, I5, b € S contribute to natural 
neutrosophic zero divisors. 


12 6 _ m2 2 2 _ m2 
K xL =ý, IL xl =I, 
12 12 _ 712 2 2. pn 
xl =ý, I xiii, 
6 12 _ 72 2 2. m2 
Lx =f[,. L xg =, 











I seb ai ad KxI =R 


are the natural neutrosophic zero divisors of S. 


Example 1.24: Let S = (Zi,, x) be the natural neutrosophic 


semigroup. S has no natural neutrosophic zero divisors or 
natural neutrosophic nilpotents or natural neutrosophic 
idempotents. 


In view of this we have the following theorem. 


THEOREM 1.11: Let S = ( Zhe x}, p a prime be the natural 


neutrosophic semigroup. 


i. Shas no natural neutrosophic nilpotents. 
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ii. S has no natural neutrosophic idempotents. 


iti. S has no natural neutrosophic zero divisors. 
The proof is direct and is left as an exercise to the reader. 


Example 1.25: Let S = (Zi,, x) be the natural neutrosophic 


semigroup. S has no natural neutrosophic zero divisors or 
nilpotents of order two. 


S has no natural neutrosophic idempotents. 


Example 1.26: Let S = {Z},, x} be the natural neutrosophic 
semigroup. S has natural neutrosophic zero divisors. 


24 24 _ 724 24 24 _ 724 
bx =, kxk =i, 
24 4 _ 724 24 24 _ 724 
RxR =i, I;xlL-l, 


so on are all natural neutrosophic zero divisors. 
Lo xd = R and I% x I% = I% 
are natural neutrosophic idempotents. 
Ij; x I% = Ņ is the natural neutrosophic idempotent of S. 
In view of this example we have the following theorem. 


THEOREM 1.12: Let S = (Zl , x}, n a composite number be the 
natural neutrosophic semigroup. 


i. S has natural neutrosophic idempotents if and only 


if Z, has idempotents. 
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ii. S has natural neutrosophic nilpotents if and only if 


Z, has nilpotents. 


iii. S has natural neutrosophic zero divisors if and only 


if Z, has zero divisors. 


Proof is direct for if x, y is a zero divisor of Z, then I? and 


I, is a natural neutrosophic zero divisor. 


If z € Z, is an idempotent then I? is the natural 


neutrosophic idempotent of S. 


Ift € Z, is a nilpotent element of order two. 
I; is a natural neutrosophic nilpotent element of order two. 


Hence the theorem. 


Example 1.27: Let S = (Zi,, x) be the natural neutrosophic 


semigroup. 
x = 10€ Zıs is an idempotent of Zis. 
Ii; in S is a natural neutrosophic idempotent of S. 
15 15 15 
To X lip = Ig. x = 10 and 


y 23€ Zs is a zero divisor in Zis. 


Clearly Iņ, If € S is such that I; x I? = I? so is a 


natural neutrosophic zero divisor. 
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I? € S is a natural neutrosophic idempotent, clearly 6 is an 
idempotent of Zi. 


However Zıs has no nilpotent so also S has no natural 
neutrosophic nilpotent. 


Example 1.28: Let S = (Zi. X} be the natural neutrosophic 
semigroup. 


x 29 e Zg is such that 9 x 9 = O. n € S is a natural 
neutrosophic zero divisor. 


81 81 81 . s : ext 
I, X Lg = I, is again a natural neutrosophic zero divisor. 


S has no neutrosophic idempotents. 


In view of this we have the following theorem. 


THEOREM 1.13: Let S = { Z » X} p a prime be the natural 


neutrosophic semigroup. 


i. Shas natural neutrosophic zero divisors. 


ii. S has no natural neutrosophic idempotents. 


The proof follows from simple number theoretic techniques. 


Now we proceed onto give neutrosophic natural 
idempotents. 


Example 1.29: Let S = ( Zi,, X} be the natural neutrosophic 
semigroup. 


Let x = If eS. Rf x f = If is a natural neutrosophic 


idempotent I? € S is such that 
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I? x I? = I? so I? is a natural neutrosophic nilpotent 


element of order two. 


KÉ x E = I is the natural neutrosophic zero divisor. 
I5 is a natural neutrosophic nilpotent of order two. 


L5 x I = RÉ is a natural neutrosophic zero divisor of S. 


Thus S has natural neutrosophic zero divisors which are not 
natural neutrosophic nilpotents. 


S has natural neutrosophic nilpotents and S has natural 
neutrosophic idempotents. 


So in Z, if n is a composite number and is not of the form 
p. p a prime then in general the natural neutrosophic 


semigroup S = ( Zl, x} has natural neutrosophic idempotents, 


natural neutrosophic zero divisors which are not natural 
neutrosophic nilpotents and natural neutrosophic nilpotents of 
order two. 


In view of this we can say S = {z , +, X} the natural 


neutrosophic semiring can have natural  neutrosophic 
idempotents, natural neutrosophic zero divisors and natural 
neutrosophic nilpotents of order two. 


A natural question would be can natural neutrosophic 
semirings have subsemirings and ideals. 


Likewise can S = ( Z} , x} have subsemigroups and ideals. 
To this end we give the following examples. 


Example 1.30: Let S = ( Z}, , +, x) be the natural neutrosophic 


semiring. 
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M; = {(0, 3, 6, 9, 12, 15, 18, 21, L5 I I, R, L. 


I5, Di), +, X] is a subsemiring as well as an ideal of S. 


M, = ((0, 2, 4, 6, ..., 22, I^, 14, I, ..., 13)} is an ideal 
of S. 


P = Z, C S is just a subsemiring (or ring) which is not an 
ideal of S. 


Example 1.31: Let S = { Zi, +, X] be a natural neutrosophic 
semiring. S has no ideals. S has subsemirings. 


We can derive several interesting properties about these 
natural neutrosophic semirings. 


We suggest the following problems for this chapter. 
Problems 


1. Find all natural idempotents of Zo. 


i. What is the order of ( Zi, +}? 

ii. What is the order of ( Zig, x]? 

iii. What are the algebraic structures enjoyed by ( Zh, x} 
and ( Zi , +}? 


2. Can { Zi,,+} be a group? 
3. Find the order of G = { Zi , +}? 


Find the order of { Z5, , x). 


5. Let S = ( Zl, , X} be the natural neutrosophic semigroup. 
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i. Find all natural neutrosophic idempotents of S. 
ii. Find all natural neutrosophic nilpotents of S. 
iii. Find all zero divisors of S. 


6. Let S = ( Zl, , X} be the natural neutrosophic semigroup. 


i. Can S bea Smarandache semigroup? 

ii. What is the order of S? 

iii. Study questions i to iii of problem 5 for this S. 
iv. Can S have ideals? 

v. Find all subsemigroups of S which are not ideals. 
vi. Can S have S-ideals? 


7. Let S - (Zi, , +} be the natural neutrosophic semigroup. 


i. ProveS is only a semigroup. 

ii. Can S have ideals? 

iii. Is S a S-semigroup? 

iv. Find subsemigroups which are not S-ideals. 

v. Can S have idempotents? 

vi. Can S have S-idempotents? 

vii. Can S have idempotents which are not S-idempotents? 


8. LetM = ( Zl, +} be the natural neutrosophic semigroup. 
Study questions i to vii of problem 7 for this M. 
9. LetN 2 { Z} , +} be the natural neutrosophic semigroup. 


i. Compare M of problem 8 with this N. 

ii. Which of the semigroups M or N has more number of 
subsemigroups? 

iii. Study questions i to vii of problem 7 for this N. 


10. Let W = ( Zi, , +} be the natural neutrosophic semigroup. 
Study questions i to vii of problem 7 for this W. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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Let S = { Zis», +} be the natural neutrosophic semigroup. 


i. Find all ideals of S. 

ii. Find all subsemigroups of S which are not ideals of S. 

iii. Can S have idempotent ideals? 

iv. Find all subsemigroups which are idempotent 
subsemigroups. 


Find any interesting property associated with the semigroup 
S={Z},+}. 


Enumerate all properties associated with the natural 
neutrosophic semigroup P = { Z} , x}. 


Compare the semigroups P and S of problem 12 and 13 for 
a fixed n. 


Let S = (( Zi , +), X} be the semigroup under x. 


i. What is order of S? 

ii. Find all subsemigroups which are idempotent 
subsemigroups. 

iii. Find all idempotents of S. 

iv. Find all ideals of S which are idempotent ideals. 

v. Can S have natural neutrosophic nilpotent elements? 

vi. Find all natural neutrosophic idempotents in S. 

vii. Find all natural neutrosophic zero divisors of S. 


Let M = {( Z}, , +), X} be the semigroup under x. 
Study questions i to vii of problem 15 for this M. 


Let S = {( Z}, ) +, x) be the natural neutrosophic semiring 


generated under + and x. 


i. Find o(S). 
ii. Is S asemifield? 
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18. 


19. 


20. 


21. 


iii. IS S a S-semiring? 

iv. Find the number of natural neutrosophic idempotents in 
S. 

v. Find the number of natural neutrosophic elements in S. 

vi. Find the number of natural neutrosophic nilpotents of 
order two in S. 

vii. Find the number of natural neutrosophic zero divisors in 
S. 

viii. Find S-ideals if any in S. 

ix. Find all ideals of S which are not S-ideals. 

x. Can S have idempotent subsemirings? 

xi. Can idempotent subsemirings of S be S-subsemirings? 

xii. Can S have S-zero divisors? 

xiii. Can S have S-idempotents? 


Find all the special features enjoyed by natural neutrosophic 
semiring S = {( Z} , +, x)]. 


Let M = {( Zig, +, X)} be a natural neutrosophic semiring. 
Study questions i to xiii of problem 17 for this M. 
Let N = ((Zl,, +, X)} be the natural neutrosophic semiring. 


Study questions i to xiii of problem 17 for this N. 


Compare the natural neutrosophic semirings in problem 19 
and 2. 


i. Which semiring N or M has more number of natural 
neutrosophic elements? 

ii. Which of the semiring N or M has more number of 
neutrosophic zero divisors? 

iii. Which of the semirings M or N has more number of 
natural neutrosophic nilpotents? 


Chapter Two 


MOD NATURAL NEUTROSOPHIC 
ELEMENTS IN [0,n), [0, n)g, [0, n)h 
AND [O, n)k 


In this chapter for the first time we define MOD natural 
neutrosophic elements in the MOD interval or small interval [0, 
n). Several algebraic structures are built on the MOD natural 
neutrosophic elements of the MOD interval [0, n). 


IO, n) = (Collection of all elements of [0, n) together with 


I?" where I!” are MOD neutrosophic elements}. 


First we will represent them by examples. 


Example 2.1: Let S = ('[0, 3); 15? , 1? } are the one of the 


MOD neutrosophic zero divisors. 


I2 xn = Te? but 1.5 x 2 = 3 = 0 (mod 3). 


The problem is can we put I5? as MOD neutrosophic 


element. 
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[0, 3) - 
Ti 3350508075 1S such that 


[0,3) [0,3) — 7109, 3) 
T; 7320508075 x 117320508075 m I; E 


We call I%$ sogo; is a MOD neutrosophic nilpotent element. 


[0, 3) 
1 


We do not accept I;;" as a MOD neutrosophic element but 


accept it as a pseudo MOD neutrosophic element as 2 € '[0, 3) is 
such that 2 x 2 = 1(mod 3). 


It is left as an open conjecture to find the number of MOD 
neutrosophic elements in '[0, 3). 


Consider the MOD interval '[0, 2). 
x = 1.4142135625 e [0, 2) is such that x =2=0 (mod 2). 


Hence 172 4562s is a MOD neutrosophic nilpotent element 
of order 2. 


It is still a open conjecture to find all MOD neutrosophic 
elements of '[0, 2). 


At this stage the following are left as open conjectures. 


Conjecture 2.1: Given '[0,n) the MOD interval to find all pseudo 
MOD neutrosophic elements. 


Conjecture 2.2: Given '[0,n) to find the number of MOD 
neutrosophic nilpotent elements. 


Conjecture 2.3: Given '[0,n) to find the number of MOD 
neutrosophic zero divisors. 





Conjecture 2.4: Given '[0,n) to find the number of MOD 
neutrosophic idempotents. 
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Example 2.2: Let [0, 12) be the MOD interval. Clearly if [0, 12) 
is taken. I? is not the MOD neutrosophic nilpotent. 


Likewise I? and Ij? are not MOD neutrosophic zero 
divisors. 


Also I? is the natural neutrosophic idempotent but not the 
MOD neutrosophic idempotent element of [0, 12). 


However all natural neutrosophic elements of Zi; are also 
present in [0, 12). 


x = 3.464101615 e [0, 12) is such that x x x = 12 (mod 12) =0. 


So ID uus IS à MOD neutrosophic nilpotent element of 
order two. 


Consider the interval [0, 2) if we define the operation of 
division '[0, 2) = (1, 0, 2, [0, 2), I» , 1923 and so on]. 


1.4142135625 


If the interval [0, 3) is considered 110,3) = (1, 0, 2, [0, 3), 


[0, 3) [0, 3) [0, 3) 
I, ? Ls ? T; 7320503075 and so on}. 


As said earlier all these remain as open conjectures. 


However for the sake of better understanding we study the 
MOD interval [0, 10). 


Example 2.3: Let [0, 10) be the MOD interval. 
We have already studied Zj,. 


Now what are the special properties enjoyed by '[0, 10], 
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HO, 10) = {0, 1, 2, ..., 9, [0, 10), 1770109429. [009 L9 


I? 10) ; I? 10) : 1° 10) I? 10) 


[0, 10) [0, 10) [0, 10) [0, 10) [0, 10) 
6 2: 2.5 9 7125 09 I; ? I I I I 


3.125 * ~7.8125° ~3.90625? ~7.5 ? 


T9: 10) Ji% 10) I? 10) I? 10) I? 10) I? 10) 
, 


6.25 1.5625 ? ~2.44140625 ? ~9.53125? ~8.125 > ~5.960464478 and so on}. 


At this juncture we have no other option except to 
conjecture that '[0,n) can have infinite number of MOD 
neutrosophic number. 


The other practical problems we face are what is the product 
of a MOD neutrosophic number with a pseudo neutrosophic 


number and so on. 


This study is also left as an open conjecture. 


Example 2.4: Let '[0, 5) = (0, 1, 2, ..., 4, 1°, 112° and so 


on}. Clearly I5? is a pseudo MOD neutrosophic number 1/52. 
and so on. 115?" under product generates a set of pseudo MOD 


neutrosophic numbers; we just call them so as it is generated by 
a pseudo MOD neutrosophic number. 


Similarly 2.5 x 2 = 0 so I? is again a pseudo MOD 
neutrosophic number. 


The product of. 1? x IP:;® = 1/5? is again a pseudo MOD 


neutrosophic number. 


[0, 5) [0,5) _ [0, 5) 
b; xl = biz- 


Now it is also left as an open conjecture to find the class of 
all MOD pseudo neutrosophic numbers and the MOD 
neutrosophic numbers and their interrelations. 
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As 5 is a prime Zi has no natural neutrosophic number 


other than I}. 


In view of this first the following result is proved. 


THEOREM 2.1: Let '[0,n) = {0, 1, ..., n — 1, [0, n), ...} be the 
MOD neutrosophic element interval. tT 0,n) contains; 


i. pseudo MOD neutrosophic elements. 

ii. natural neutrosophic elements provided; n is not a 
prime. 

iii. MOD neutrosophic elements. 


Proof: Every a = 7 only realized as a decimal in [0, n) and 


not a rational paves way for a pseudo MOD neutrosophic 
element. 


For the interval [0, 6); 1.2 is such that I!°;° is a pseudo MOD 
neutrosophic element of '[0, 6). 


If n is a prime say p then > realized only as a decimal in 


[0, p); is a pseudo MOD neutrosophic element of '[0, p). 


Take p = 19, then B = 9.5 is a pseudo MOD neutrosophic 


element as 9.5 x 2 = 0 (mod 19); 2 is a unit [0, 19). Hence proof 
of (1). 


To find the proof of (ii) consider n a prime only I?" is the 
only natural neutrosophic element. 


If n is not a prime every zero divisor of Z, paves way for a 


natural neutrosophic element. Hence proof of (ii). Clearly ue 2) 
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n. T : 
exists for x = 3 if n is odd it will be a MOD neutrosophic 


element. 


s n . . 
If n is even then PER is a MOD neutrosophic element. 
n — 


Thus the following are left as open conjecture. 


Conjecture 2.5: Let '[0, n) be the MOD neutrosophic collection. 


i. Characterize those '[0, n) in which product of two 
pseudo MOD neutrosophic numbers is a pseudo 
MOD neutrosophic number. 
ii. Characterize those '[0, n) in which the product of 
two MOD neutrosophic numbers is a MOD 
neutrosophic number. 


iii. Characterize those '[0, n) in which the product of 
MOD neutrosophic number and pseudo MOD 
neutrosophic number which are nilpotents. 


Next we study the MOD neutrosophic elements and MOD 
pseudo neutrosophic elements of the MOD dual number interval. 


This will be first illustrated by an example. 


Example 2.5: Consider (Zs U g) = {0, 1, 2, 3, 4, g, 2g, 3g, 4g, 1 
+¢g,1+2¢,1+3g,1+4¢,2+8,2+2¢,2+3g,2+4¢9,3+2,3 
+ 2g, 3 + 4g, 3 + 3g, 4 + g, 4 + 2g, 4 + 3g, 4 + 4g} be the 


modulo dual number g? = 0; g - 2g = 0 and so on. 


Now (Z U g), = {0, 1, 2, 3, 4, g; 2g, 3g, 4g, 1 + g. 2 + g, 


g g 
EE, 


544g, IE, E 


g 
2g I5 and so on}. 


MOD Natural Neutrosophic Elements | 55 


Thus all dual modulo integer (Z, U g); g? = 0 even if n is a 
prime has natural neutrosophic numbers. 


Several of them lead to natural neutrosophic nilpotent 
elements of order two. 


Example 2.6: Let 


(Z; U g) = {0, 1, 2, g, 2g, 1 +g,2+9,1+2g,2 42g}. 


(Za U gh = {0, 1,2, If, I2, D]. 
ExE = If. x If = If and E, xI =E 


Example 2.7: Let (Z4 O g) = {0, 1, 2, 3, g, 2g, 3g, 1 + g, 1 + 2g, 
14+3g,2+¢,24+2¢,2+3¢,3+9,3+2g,3+ 3g}. 


(Z U g = (Ze g), B. É, 5.5, D IB 


3g? É -2g? “2+? 
É +g } are natural neutrosophic dual numbers. 


Clearly E x P=, B, x D, = fj, 


g g g 8 — JE 
EX É =b. B XD = i; 


Drs X Éis = D, and so on. 
Example 2.8: Let (Zs O g) = {0, 1, 2, ..., 5, g, 2g, 3g, ..., 5g, 
1+g,1+2g,...,5¢g4+1,...,5g¢ + 2, ..., 5g + 5g} be the dual 


number of modulo integers. 


(Zs U g) = (Zs Ug. I5. E, B B 5,5,5, DIE 


4g? “Sg? 
g g 
D. Gare» Las and so on. }. 
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Clearly 15,2; X B, 4, = I, Dzs x Ij = D, and so on. 


34+ 3g 
Now it is left as an open problem. 


Problem 2.1: Let (Z, U g); be the natural neutrosophic dual 
numbers. 


(i) For a given n how many such natural neutrosophic dual 
numbers exists? 


(ii) Find the number of natural neutrosophic dual numbers 
which are idempotents. 


(iii) Find the number of natural neutrosophic dual numbers 
which are nilpotents of order two. 


This study will yield lots of interesting results in this 
direction. 


However we will represent this situation by some examples. 


Example 2.9: Let (Z2 U g) = {0, 1, 2, ..., 11, g, ..., 1lg, 1 + 8, 
1+ 2g, ..., 1 + 11g, 2 +g, ...,2 + 11g, ..., 11 + 11g) be the 


modulo dual numbers. 


= g 8 g g 
(Zo U gh = (ZU g) b, B Io WG. I, D, bys. Dig» 
8 g g g g g g g g g 
É, I, Dago D iss I ee Dsg D. D Iss T asa 
g g 
I sse- Bog and so on}. 


Finding order of (Z;; U g) is a difficult task. 


Infact (Zi U g} has several neutrosophic natural dual 
number. 
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EXE = Ef, I, 4, x= 5 
Ie x Ig = I and Bx =] 


is a neutrosophic natural dual numbers. 
E X TB —T2 
I; xL, =g and so on. 


One of the important and interesting observations is that 
(Z2 U g} can have natural neutrosophic dual numbers which 
are idempotents or nilpotents of order two. 


However finding all these natural neutrosophic dual 
numbers is a very difficult task. Further defining on them some 
algebraic operation like + and x happens to be still difficult. 


However we are always guaranteed of more than one 
natural neutrosophic dual number in (Z, U g); even if n is a 
prime; for when n is a prime there is one and only one natural 


neutrosophic number given by I, . 


When n is a prime (Z, U g} has at least n number of natural 
neutrosophic dual numbers including I5. 


This is just illustrated by an example. 


Example 2.10: Let (Zi; U g} be the natural neutrosophic dual 
numbers. 


(Ib I5, Be- 15, } are the 13 natural neutrosophic dual 


numbers. 


Thus the following is true. 
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THEOREM 2.2: Let (Z, C gj; be the natural neutrosophic dual 
numbers p a prime. (Z, Ug) has at least p natural neutrosophic 
dual numbers. 
Proof is direct and hence left as an exercise to the reader. 
Now how to define the operation + on (Z, U g. 


First we will describe this by some examples. 


Example 2.11: Let (Zio U g) be the natural neutrosophic dual 
numbers. 


(Zio U g) = {0, 1, 2, ..., 9, g, 2g, ..., 9g, 1 + g;,2*g, .., 9 
g,1+2g,2+2g,...,9+2g, ..., 9 + 9g} be the dual numbers. 


(Zio U gi = {Zio U 2), E. D, E n. E I E I , I. , I , 


g g g 2 2 g g 8 [8 JE [8 
E vas Ds Tagg: DL. D ass I cos 1 oues D. 5 Ig, Is 
and so on}. 


It is not an easy task to find the number of natural 
neutrosophic dual numbers. 


g 8 — JE. 
Db, x 5 = Iĝ; 
g € — JE 
I,5, X B, = Ij and so on. 


It is easily verified some of the natural neutrosophic dual 
numbers are nilpotents and some are idempotents. 


This study is both innovative and interesting. 


Example 2.12: Let(Z; O g) = {0, 1, g, 1 g, I$, E Y: 
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(Z5 U gy under + generates the following. 


The set of natural neutrosophic dual numbers set under + is 
as follows: 


S={(Z,Ug), +}={0, Lg, l+g, B, 2,1+ B,g+ Ey 1 
ee Ta Tt ee TS La ise Te 1g 


+ D l+g+ i +$} 
Thus order of S is 16. 


We define Ij Ij = I and I, + I, = Lj and there are 


idempotents. 


1+ I) + 1+ Ij = I$ and so on. 


Thus this is only a semigroup as I5 + If = Ij and is an 
idempotent so S is only defined as the natural neutrosophic dual 
number semigroup. 


Example 2.13: Let (Z4, O g} = {1, 2, 0, 3, g, 2g, 3g, 1 + g, 1+ 


2g, 1 + 3g, 2 + g, 2 + 2g, 2 + 3g, 3 + g, 3 + 2g, 3 + 3g, Tos Tr, 


JE 


g g g g g 
2g ? 5 ? B> L5. Dago D ug 


S= (Z U gh, +} = (ZU gy, 1+ i, 2+ I,3+ I, 8+ 
I$, 2g + i, 3g+ leet Te lg + Ñ,...,3+3g=+ I + 
5 + D. + n. + I. + Deg + Wage 


Thus S is only a natural neutrosophic dual number 
semigroup. 
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Problem 2.2: Let S = ((Z, U 2), +} be the natural neutrosophic 
dual number semigroup. 
i. What is the order of S if n is a prime? 
ii. What is the order of S if n is not a prime? 
We have to find the subsemigroups of S. 
We will first illustrate this by some examples. 


Example 2.14: Let S = ((Z; U gy +} be the natural 
neutrosophic dual number semigroup. 


P, = (Z5, +} is a subgroup of S so S is a Smarandache 
semigroup of natural neutrosophic dual numbers. 


P5 = ((Zs U g), +} is also a subgroup of S. 
P; = (Z5g = (0, g, 2g, 3g, 4g}, +} is a group under +. 
(Zs U gh = {(Z5U g), Ih, Ip Das Be Ggs 4+48+ Ib, 4+ 


4g + E, 4+4g+ D 4+4g +] ++ +6 GY) 


2g? 


has subgroups and subsemigroups which are not subgroups. 


For Py = {Zs, If, If +1, If +2, If +3, I + 4} is only a 


subsemigroup of S and is not a subgroup of S as I5 + I5 = I$. 


Example 2.15: Let S = ((Zi; U għ, +} be the natural 
neutrosophic dual number semigroup. 


Ni = Zis, N2 = Lisg and N3 = (Zis U g) are all 
subsemigroups which are subgroups. 


So S is a Smarandache semigroup. 
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Finding order of S is a difficult job If, 15, I$, I$, I5. I 


and I$ are some of the natural neutrosophic dual numbers. 


g 8 — JE 
Tio + Tio T Iro 


I; + If = I$ and so on. 
In view of all these the following theorem can be easily proved. 


THEOREM 2.3: Let S = {(Z, U 8%} +} be the natural 
neutrosophic dual number semigroup. 


i. Sis a Smarandache semigroup. 

ii. S has idempotents. 

iii. S has subsemigroups which has group structure. 

iv. S has subsemigroups which do not have a group 
structure. 


Thus we by this method get natural neutrosophic dual 
number semigroups which has idempotent under +. 


Next we proceed onto define product operation on (Z, U g)i. 


There are two such semigroups of natural neutrosophic dual 
numbers are just generated by (Z, U g another S under the 
operation X. 


We will first illustrate this situation by some examples. 


Example 2.16: Let 
M = ((Zs U gy» X) be the semigroup under x. 


M = {0, 1, 2, 3, 4, 5, g. 2g, 3g, 4g, 5g, I5, D, E; E. 1 
E, I, I, If,, x} and o(M) = 20. 
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N; = {0, 1, 2, 3, 4,5} CM is a subsemigroup of order 6 and 
6 X 20. 


N2 = {0, l, 25 3, 4, 5, 8, 2g, 3g, 4g, 5g} G M isa 
subsemigroup of M. 


Now N; = {1, 2, 3, 4, 5, 0, I5] C M is also a subsemigroup 
of G. 


N4 = {1, 5} c Misa subsemigroup which is a subgroup of 
order 2. Thus M is a Smarandache semigroup. 


This semigroup has zero divisors, idempotents and 
nilpotents of order two. 


Example 2.17: Let M = {(Z, U gy x} be the natural 
neutrosophic dual number semigroup. 


M is a S-semigroup as Z7 M {0} CM is a group. 


However M has other subsemigroups. Infact M has zero 
divisors. 


Ibe x I$, = I is a natural neutrosophic dual number 


nilpotent element of order two. 


I$, x I5, = Ij so every natural neutrosophic dual number in 


M is a nilpotent element of order two. 


Example 2.18: Let M = {{Zi4 U g), X] be the natural 
neutrosophic dual number semigroup. 


g 8 T8 ys JE Ts g 8 T8 g g g g 

I. DL, Ic, I5, I. Lin» Db een I5, Db,» 
g g g g g g g g g 
E ias gee D a. Db. Db. T asus Las D s L.. 
8 8 g g g g 8 
Lio Ty 12g? Ius Ie Lag» S I5 +12 > ntes I5 Tins ag> ser 
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g g g g 
I5. E, D. da Db, TR 


yE 


7+12g ? 


sd 


12472 and so on} are 


all natural neutrosophic dual numbers. 


8 8 — JE 
I». 7g x D, a Ie 

8 €&€ -= T8 
E, 7g x D. ze Ij 


so this semigroup has zero divisors. 
In view of all these we have the following theorem. 


THEOREM 2.4: Let M = {(Z, C g x} be the natural 
neutrosophic dual number semigroup. 


(i) M is a S-semigroup if and only if Z, is a S-semigroup. 

(ii) M has at least (m — 1) distinct nilpotent elements of 
order two. 

(iii) M has at least (m — 1) distinct natural neutrosophic 
dual numbers which are nilpotents of order two. 


Proof is direct hence left as an exercise to the reader. 
Now having seen examples of natural neutrosophic dual 
number semigroup under product we proceed onto study natural 


neutrosophic dual number semigroup using S = ((Z, U 2), +}. 


Clearly {S, x} is again a natural neutrosophic dual number 
semigroup under x. Further M c (S, x}. 


We will first illustrate this situation by an example or two. 


Example 2.19: Let M = {{(Zio U g), +}, X) be the natural 
neutrosophic dual number semigroup. 
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JÈ 


4g? t 


TER E EE 


2g? 3g? 


SB 


9g ? 


É +5 


4," Log + b, and so on. 


(E E, « E.) x (E, +E )=6. 
Thus M has zero divisors. 
5x2=0, for5,2¢ Zio 
5g x 2g = 0 for 5,2 € Zio 
g x 4g =0 for g, 4g e (Zo U 8). 
Thus M has nilpotent elements of order two. 
x = (If, +B, + E, - I5.) and 
yz (E, - E, +, +i) e M. 
XX y= I$ isaneutrosophic nilpotent element of order two. 


Example 2.20: Let M = ((Zo; U għ, +, X} be the natural 
neutrosophic dual number semigroup. 


Let x = IË 


tog + D, +I; + I, € Mis such that 


14g 


x X x = Jj is only a natural neutrosophic dual number zero 
divisor. M has several nilpotent neutrosophic zero divisor. 


Let x = 10 + IÈ 


log and 


y=2+ eM. 


MOD Natural Neutrosophic Elements | 65 


xxy= (10 +15). (2+18) 
=21f, + 10K = I +I e M. 


Example 2.21: Let M = {(Zio U għ, +) X] be the natural 
neutrosophic dual number semigroup. 


P; = Zio (0) CM under x is a group. 

Thus M is a S-semigroup. 

P5 = {Ziog, X) be the zero square subsemigroup. 
P; = {(Zi9 U g) X} is the subsemigroup. 


Example 2.22: Let W = (((Zis U g), +), X) be the natural 
neutrosophic dual number semigroup. 


P, = (Zia, X) be the subsemigroup. 


P; = {(Zig U g) X} be the subsemigroup. 


Ix s duo hes IE; o vM I5, are some of the 
natural neutrosophic dual numbers. 


— JE g E 8 
x= Dt I5, * Lo, + Ir, and 


y= Ie + Ir. + I. e W. 
Clearly x x y = If; thus this is a natural neutrosophic dual 


number zero divisor. 


Also x! = I$ and y! = E are natural neutrosophic dual 
number nilpotent elements. 
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Example 2.23: Let W = {Zu U gr +), X} be the natural 
neutrosophic dual number semigroup. 


W has nilpotent elements, natural neutrosophic nilpotent 
elements and zero divisors and natural neutrosophic zero 
divisor. 


Example 2.24: Let M = (C, Ug) 


neutrosophic dual number semigroup. 


I? +); x} be the natural 


x =3 and y = 8 e Mis such that x x y2 0e M. 


x= PĪ 


log ANd y = Ij, € Mi x X y= Iĝ is natural neutrosophic 


dual number zero divisor. 


Ios X log = lọ is the natural neutrosophic dual number 


nilpotent element of order two. 6 x 6 = 0 (mod 12) is a nilpotent 
element of order two. 


Next we proceed onto describe the natural neutrosophic 
dual number semiring. 


S = {(Z, U 2), +, X] is defined as the natural neutrosophic 
dual number semiring. 


Clearly S is of finite order so we get finite semirings a long 
standing problem about semirings. 


For semiring of finite order of finite characteristic were got 
by finite distributive lattice and lattice groups taking finite 


groups only or lattice semigroups taking finite semigroups. 


Now we will first describe this situation by some examples. 
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Example 2.25: Let S = {(Z3 U gy, +, X} = {0, 1, 2, g, 2g, I5, D. 
JÈ 


pe D24 g+ cee plt, 2+ e+ et 
$, l+ E ,2+ I.g- É» 28+ b. I + Is I + De» I + 


2g? 
JE 


4nd tb eles E ae 2 Te ee ad TI1.284 


2g? 

D tol she de RI DGIprb- b 28+ Lb, 
1+B+E,,2+8+2E,,g+8 + E,,2g+ + E, 1+ B+ 
I, + Des 2+ I+ EE + D.g-l- D É, 2g + i+ E + 


2g? 
g 
Dee 


+, X) be the natural neutrosophic dual number semiring. 
o(S) = 40. 


Clearly S has zero divisors. S also has natural neutrosophic 
dual number zero divisors. 


S has also nilpotents as well as natural neutrosophic dual 
number nilpotents. 


2g X g = 0 is a zero divisor. 
g x g = 0 is a nilpotent element of order two. 


x= Ej + D, is such that x x x = Ij is a natural neutrosophic 


dual number nilpotent of order two. 
Let x = $ + D, andy= I + I, €S. 
Clearly x x y = I5 so is a natural neutrosophic zero divisor. 


Thus S has zero divisors and natural neutrosophic dual 
number zero divisor. 


P; = (Z4, + x} is a field. 
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Can S have semifields which are not fields? The answer is 
no. 


Several properties about them will be discussed in the 
following first through examples and then by proving results. 


Example 2.26: Let S = ((Z; U għ, +, X] be the natural 
neutrosophic dual number semiring; o(S) < co. 


S has zero divisors, natural neutrosophic dual number zero 
divisors and nilpotents. 


This semiring has subsemiring. Finding ideals in S is a 
difficult task. 


Example 2.27: Let S = ((Zi U g), +, X} be the natural 
neutrosophic dual number semiring. 


S has subsemirings. Further S has zero divisors, natural 
neutrosophic dual number zero divisors. 


S has nilpotents as well as natural neutrosophic dual number 
nilpotents of order two. 


Several important properties can be determined. 


THEOREM 2.5: Let S = ((Z, U g} +, xX} be the natural 
neutrosophic dual number semiring. The following facts are 
true. 


i O0(S)< œ. 

ii. S has zero divisors. 

iii. S has natural neutrosophic dual number zero divisors. 

iv. S has nilpotent elements of order two. 

v. S has natural neutrosophic dual number nilpotent 
elements of order two. 


Proof is direct and hence left as an exercise to the reader. 


MOD Natural Neutrosophic Elements | 69 


All properties of semirings is true in case of these natural 
neutrosophic dual number semirings. 


Next we proceed onto describe the notion of natural 
neutrosophic special dual like numbers. 


Example 2.28: Let B = {(Z, U hj, h^ = h} be the special dual 
like numbers. 


P= {(Z4 Ub h” =h} = {0, 1, 2, 3, h, 2h, 3h, 1 +h,2+h, 
3+h,1+2h,2+2h,3+ 3h, 1+3h,34+2h,2+3h, I, B, If, 
D D. : Das Db,4) be the natural neutrosophic special dual 


like numbers. This is of finite order. 


Example 2.29: Let L = ((Zi U h), h^ =h} = (0, 1, 2, ..., 10, h, 
2h, ..., 10h, 1 +h, 2 +h, ..., 10 +h, 1 c 2h 2 € 2h, 15, ..., 104 
2h, 1 + 10h, 2 + 10h, D,, ..., 10 + 10h, D, ..., Lon ) be the 
natural neutrosophic special dual like numbers. 


Next we proceed onto define some more operations on 
KZ, U h), b? =h}. 
Example 2.30: Let S = ((Z; U h), +} = {0, 1, h, 1 +h, b, D», 
Ln d+, 1+E, lulu P+ D +n E + ias 
D Gg +i Iitti I+ ae ge E + Pa 


14+ +E} 
h h h h h h 
Il-c-lL-HLh,lj-4lj-l, 


h h _qh 
L,,-HLh,,-lH,, we see S under + is only a semigroup. 


Thus we have given a finite semigroup of order 18. S has 
elements which satisfy a + a = a for a e€ S. 
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Example 2.31: Let S = ((Z; U hj, h^ =h, +} = (0, 1, 2, 3, 4, 5, 
h, 2h, 3h, 4h, 5h, 1 +h, 2+h,...,5 +h, 1 + 2h, 2+ 2h, ..., 5+ 
2h, 1 + 3h, 2+3h,...,5+3h, 1 + 4h, 2 + 4h, ..., 5 + 4h, 5 +h, 
5+2h,...,5+5h, R, E, Do MEDIE Dins 


h h h h h h h h h 
Baan L.n. E isis LE... Lsn Bano Dn Las biu: 
h h h . . 
Las Lino D,,, and so on} be the natural neutrosophic special 


dual like number semigroup under +. 


Now (Ze, +) = P1 CS is a subsemigroup which is a group. 
(Zs U h) = P; is also a group under +. 


Thus S is a Smarandache semigroup. 
In view of this we have the following theorem. 


THEOREM 2.6: Let S = {(Z, Uh), k =h, + } be the natural 
neutrosophic special dual like number semigroup. 


i. S has natural neutrosophic idempotents. 
ii. Sis a S-semigroup. 


Proof: Clearly I, + I, — Ij, for all k e Z,. 
Hence (i) is true. 


Consider (Z,, +) c S; clearly (Z,, +) is a group so S is a 
Smarandache semigroup. 


Now we proceed onto define product on (Z U h}. First we 
represent this by examples. 


Example 2.32: Let M = {(Zs U h), x} = (0, 1, 2, 3, 4, h, 2h, 3h, 
4h, 1 +h, 1 22h, 1+ 3h, 1 + 4h, 2 +h, 2 + 2h, 2 + 3h, 2 + 4h, 3 
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+h, 3 + 2h, 3 + 3h, 3 + 4h, 4 + h, 4 + 2h, 4 + 3h, 4 + 4h, Tọ, 


h qh h h qh h h h 
Ioba» Bn» Lms Tos an> Tones Ineas lanar} be the natural 


neutrosophic special dual like number semigroup. 


Clearly M has zero divisors for x = 2 + 3h and y =h. 


x X y = (2 + 3h)h = O(mod 5). x = 3 + 2h and y = his such 
that x x y = 0. 


x= I andyzDL,,eM;xxy-IxEB,,-1m. 

Thus M has natural neutrosophic special dual like zero 
divisors. P = {Z; V {0}, x} is a group so S is a Smarandache 
semigroup. 

Example 2.33: Let 
M = (Zo U h), h? =h, X} be the natural neutrosophic special 
dual like number semigroup. 

Let x = 3 and y = 3h + 3 e M. 


xX y=3 xX 3h +3 = 0 is a zero divisor. 


Let x = 6h and y = 3 + 3h e M. x x y = O is again a zero 
divisor. Consider I, and I?, € M. 


DB, x If, = E, is a natural neutrosophic special dual like 
number zero divisor. 


Clearly hx h = his an idempotent in M. 


Similarly I? x I? = I? is a natural neutrosophic special 
dual like number idempotent. 
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Example 2.34: M = {(Z54 U hb); x} be the natural neutrosophic 
special dual like number semigroup. 


ET h h yh yh yh fh h h h h h 
M= {(Zo4 U bj, Iy, Lo, 15. 1,, i. Ij, dia Ij, Les Is 
h h h h h h h h h h h 
D,. D. I, , I. I, I, Dno tena Ds. bon lua bua ip 
h 
D.» 


dual like number semigroup. 


L>, and so on} be the natural neutrosophic special 


M has zero divisors and nilpotents as well as natural 
neutrosophic special zero divisors and natural neutrosophic 
special nilpotents. 


x=6andy=8+12he M. 
XX y=6X 12h+ 8 = 0 is a zero divisor. 


x = 12h + h and y = 12+ 8he Mis such that x x y = O is a 
zero divisor. x = If, andy = I}, ,,, € Mis such that x x y = I 


is a natural neutrosophic zero divisors. 


Consider x = 12+ 12 h e M; clearly x x x = 12 + 12h x 12 
+ 12h=0e Misa nilpotent element of order two. 


— jh ; — 7h 
xzl5,54, € Mixxxz l. 


Now having seen the special elements we proceed onto give 
more examples. 


Example 2.35: Let 


M = ((Zi U hj, h? =h, x) = (0, 1,2, ..., 9, h, 2h, ..., 9h, 1 +h, 
1+ 2h, ...,1+9h,2+h,2+2h,...,2+9h,...,9+h, 9+ 2h, 9 
Inac 94d Uh T D. TCR Cb Ie a us sb 


h h h h h h 
lins Lia. LB. Lb. Lion Ioan and so onj be the 


natural neutrosophic special dual like number semigroup. 
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S has zero divisors and idempotents also natural 
neutrosophic special dual like zero divisors and idempotents. 


We prove some theorems based on these examples. 


THEOREM 2.7: Let M = {(Z, Uh), I? = h, x] be the natural 
neutrosophic special dual like number semigroup. 


i. Misa S-semigroup if and only if Z, is a S-semigroup. 
ii. M has zero divisors and special dual like number of 
zero divisors. 
iii. M has idempotents as well as special dual like number 
idempotents. 
Proof is direct and hence left as an exercise to the reader. 
Now we can define the other type of natural neutrosophic 
special dual like number semigroup built using the additive 
semigroup {(Z, U h) +}. 
We will first illustrate this by example. 
Example 2.36: Let 
S = ((Zs U h), +), x, h’=h} be the natural neutrosophic special 
dual like semigroup under product. 
Clearly M = {(Z6 U h), h-h, x} CS as a subsemigroup. 
Now S contains elements of the form 
y- B +15 + D, and 


x=} +i +h eM. 


xxy= (E +i, +0)x(h +E +6) 
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— gh h h h h h h h h 
-I-lj-l-c-b-b -l-c-Lb +b, +1, 
_ qh h h 
=h +L +L. 


This is the way product is performed on S. This semigroup 
has bigger cardinality. 


This semigroup has several subsemigroups. 


Example 2.37: Let S = (((Zij U h), +), x) be the natural 
neutrosophic special dual like number semigroup. 


S is a Smarandache semigroup as Z4, V {0} = P; is a group 
under product. 


h h Th h h h h 
S = [Zu J h), l> L.L,. tes Lion» Loans Ij. io: l5: 


h h h h h h h 
I bia Toa bias Lon Ie: L546, and so on and 


2+9h? 


sums 2 + 3h+ I} + I5,,, and so on]. 


Clearly o(S) < co. 

D, X É, = Ij isa natural neutrosophic zero divisor. 

D,,, XL, = I is again a natural neutrosophic zero 
divisor. 


2 + 9h x 5h = 0 (mod 11) and 2 + 9h x 4h = 0 (mod 11) are 
both zero divisors of S. 


In view of this we have the following theorem. 


THEOREM 2.8: Let S = (((Z, Uh), +), W = h, x} be the 
natural neutrosophic special dual like number semigroup 


i) S is a S-semigroup if and only if Z, is a S- 
semigroup under x. 
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ii) S has both zero divisors and natural neutrosophic 
special dual like number zero divisors. 

iii) S has idempotents as well as natural neutrosophic 
idempotents. 


Proof is direct and hence left as an exercise to the reader. 


Next the notion of natural neutrosophic special dual 
number semirings are developed and described. 


Example 2.38: Let S = ((Z; U h), +, x) be the natural 
neutrosophic special dual like number semiring. 


Clearly S has zero divisors as well as natural neutrosophic 
zero divisors. 


S has idempotents as well as natural neutrosophic special 
dual like number idempotents. 


For 3 x 3 = 3 (mod 6) 
4 X 4 2 4 (mod 6) are idempotents of S. 
nx Ln = 5 La x La T Ys 


3 


and I? x I? = I? are natural neutrosophic idempotents 
of S. 


Clearly 4 x 3h = 0, 2h x 3h = 0, 4 x 3 = 0 are zero divisors 
of S. 


h h _ Th h h _ Th 
Baan X E, = los Thos X In = b> 
h h _ 7h h h _ 7h 
Tiss XL, = I, and Lb, XI -lI, 


are all natural neutrosophic special dual like number zero 
divisors. 
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Thus this semiring is not a semifield. 


Further if a = &,,,+0,.+I,,,+8,, and 


B= 2,+0,+08,+ e S then a x B = If is a natural 
neutrosophic zero divisor of S. 


Zo = P; is a ring in S. 


{Zs U h)) = P; is again a ring in S. Thus S has also 
subsemirings which are rings. 


Under these special conditions we define yet a new notion 
on semirings. 


DEFINITION 2.1: Let S be a semiring. S is said to be 
Smarandache Super Strong semiring (SSS-semiring) if S 
contains a subset P which is a field. S is said to be 
Smarandache Strong semiring (SS-semiring) if S contains a 
subset P which is a ring which is not a field. 


We first give examples of the definition. 


Example 2.39: Let 
S = ((Z; U gy, g = 0, +, x) be the natural neutrosophic dual 
number semiring. 


Z C S is a field. So S is a SSS-semiring. (Z; Ug) c Sisa 
ring hence S is a SS-semiring. 


Example 2.40: Let 
S = ((Zis U g), g = 0, +, X} be the natural neutrosophic dual 
number semiring. 


S is a SS-semiring as (Zi U g) CS is a ring. P; = (0, 3, 6, 
9, 12} CS is a field with 6 as the multiplicative identity. 
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Clearly 12 is the inverse of 3 and vice versa as 3 x 12 = 6 
the identity of P;. 


9 x 9 = 6 the identity of Pj. Hence S is also a SSS-semiring. 


Example 2.41: Let S = {(Zo4 U h), b? = h, +, x) be the natural 
neutrosophic special dual like number semiring. 


Clearly P; c S is a ring so S is a SS-semiring. 


P, = (0,8, 16} CS is a field with 16 as the identity with 
respect to product. Thus S is a SSS-semiring. 


Example 2.42: Let 

M = (((Zi; U hy), h? = h, +, x} be the natural neutrosophic 
special dual like number semiring. M is a SSS-semiring as well 
as SS-semiring. 


So a natural neutrosophic semiring can be both a SSS- 
semiring as well as SS-semiring. 


Next we proceed onto describe the concept of natural 
neutrosophic special quasi dual number sets using Z, by some 
examples. 


Example 2.43: Let S = ((Za U Kj, K? = 7k} = (Za, k, 2k, ..., 7k, 
1+k,2+k,...,7+k, 1+ 2k, 2 + 2k, ...,7+ 2k, 3k + 1,2 + 3k, 
s ES ucc 7k +1, 7k +2, ...,7k +7, DIST Ñ, Do 


k qk k k k k 
Iko Lro sik Dro lon Lisko b. m 


S is a natural neutrosophic special quasi dual number set. 
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Example 2.44: Let 
S = {(Z; Uk), K’ = 2k} = {0, 1, 2, 2k, k, 1 + k, 2+k, 1 + 2k, 2 
+ 2k, Di Fixo If, I, If} be the natural neutrosophic 


special quasi dual number set. 


Example 2.45: Let 
S = {(Z, Uk), k? =k} = {0, 1, k, 1 +k, I5, If, If, , } be the 


natural neutrosophic special quasi dual number set. 


Example 2.46: Let 
S = {(Z, Uk), k= 3k} = {0, 1, 2, 3, k, 2k, 3k, 1 + k, 2 + k, 3 + 


k, 1 + 2k, 2 + 2k, 3 + 2k, 1 + 3k, 2 + 3k, 3 + 3k, p, 5, Do Ik, 


k k k k k : 
Beo D,4, Tas. L,,. bask} be the natural neutrosophic 


special quasi dual number set. 


Example 2.47: Let S = ((Zs U Kj, K? = 4k} = (0, 1, 2, 3, 4, k, 
2k, 3k, 4k, 1 +k, 2+k,3+k,4+k, 1+2k, 24+ 2k, 1 2-35 2 
3k, 3 + 3k, 4 + 3k, 1 + 4k, 2 + Ak, 3 + 4k, 4 + 4k, 3 + 2k, 4 + 2k, 


k yk yk k k k k k k k 
Ty ko D, be Dus heao Lac boss Gare lsa} be the 


natural neutrosophic special quasi dual number set. 


Example 2.48: Let S = {(Z; U kh, kK? = 6k} be the natural 
neutrosophic special quasi dual number set. 


S = {0, 1, 2; ..., 6, k, 2k, 3k, 4k, 5k, 6k, Ip, K, De Dgs 


k k k k k k k k k k 
I I. Ig. ; I, 6; Ios Das LI. Lx La Ie 6k > 1 


4k? 
+k, 1+ 2k, 1+ 3k, 1 + 4k, 1 + 5k, 1 + 6k, 2 + k, 2 + 2k, 2 + 3k, 
2+ 4k, 2 + 5k , 2 + 6k, 3 +k, 3 + 2k, 3 + 3k, 3 + 4k, 3 5k, 3 + 
6k, 4 + k, 4 + 2k, 4 + 3k , 4 + 4k, 4 + 5k , 4 + 6k, 5 +k, 5 + 2k, 
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5 + 3k, 5 + 4k, 5 + 5k, 5 + 6k, 6 + k, 6 + 2k, 6 + 3k, 6 + 4k, 6 + 
5k, 6 + 6k} 


Example 2.49: Let S = ((Zi; U k), k? = 11k} be the natural 
neutrosophic special quasi dual number. 


S = {0, 1, 2, ..., 11k, K, 2k, ..., 11k, 1 +k, 2 +k, ..., 11 +k, 
1 + 2k, 2 + 2k, ..., 11 + 2k, 1 + 3k, 2 + 3k, 3 + 3k, ..., 11 + 3k, 
.. 11k +1, 11k +2, ...,11 + 11k, IE If = 


1+11k? “ll+k? °°"? ere 
k k * r . 
Lisko Hj,4] be the natural neutrosophic special quasi dual 


number set. 


Now we proceed onto give operations + and x on the set 
S = ((Z, Uk); K = (n - 1)k} under + is described. 


Example 2.50: Let 


S = (Zi; Uk), K = 9k, x} = (0, 1, 2, ..., 9, k, 2k, 3k, ..., 9k, 
Lk 1 +2k, ..., 19k, 2 + k, 2 + 2k, 2 + 3k, ..., 2 + 9k, 3 + k, 
3 + 2k, 3 + 3k, ..., 3 + 9k, 9 + k, 9 + 2k, ..., 9 + 9k, 


Db yr ls P ois Bis Desis Dev I uis Ios 
Det Teras lene D D. L5 L. I D ears D D dcs 
I ou D s T ois D D 3s Dires Ds P on 
Titus Issa legs levee and so on, X}. 


S has zero divisors and S has natural neutrosophic special 
quasi dual zero divisors. 


5k x 2 = 0, 2k x 5 = 0, 5k x 6k = 0, 2k x 5k = 0, 
5k x 6 = 0, 6k x 5 = 0, 8k x 5 = 0, 8k x 5k = 0. 


8 x 5k are all zero divisors of S. 
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ÉEXxESsE,. T 


k _ Tk 
54 5k 6+2k X Io -I 


0 


are some natural neutrosophic special quasi dual number zero 
divisors. 


This semigroup has also idempotents 
k k k qk k g 
I XI, = Tso Is+sk X Bocas = Is sx 
are natural neutrosophic special quasi dual number of 
idempotents. 


5k x 5k = 5k is an idempotent. 


Iris X D =i Ik 


k _ Tk 
6k +8 xL, =h 


are which are natural neutrosophic special quasi dual number 
zero divisors. 

Example 2.51: Let S = ((Z; Uk), K? = 6k, x} = (0, 1, 2, 3, 4, 6, 
5, k, 2k, 3k, 4k, 6k, 5k, 1 + k, 1 + 2k, 1 + 3k, 1 + 4k, 1 + 5k, 
1 + 6k, 2 + k, 2 + 2k, 2 + 3k, 2 + 4k, 2 + 5k, 2 + 6k, 3 + k, 3 + 
2k, 3 + 3k, 3 + 4k, 3 + 5k, 3 + 6k, 4 + k, 4 + 2k, 4 + 3k, 4 + 4k, 
4 + 5k, 4 + 6k, 5 + k, 5 + 2k, 5 + 3k, 5 + 4k, 5 + 5k, 5 + 6k, 6 + 


k, 6 + 2k, 6 + 3k, 6 + 4k, 6 + 5k, 6 + 6k, If, If, Do Do Do 


k qk 7k k k k k k 
I I I laro bese hie hosce] be a 


5k? “6k? ~1+6k? 


semigroup of finite order. 


S has zero divisors and natural neutrosophic special quasi 
dual number zero divisors. 


(4 + 3k)k = 0, (3 + 4k)k = 0, 


(6 + k)k = 0, (6k + 1)k = 0 and so on are zero divisors. 
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k k _ yk 
In x Lj. = I, ? 
Eg X I = pand 
k k _ qk 
La x Ik ES I, 


are all natural neutrosophic special quasi dual number zero 
divisors. 


Can S have idempotents and natural neutrosophic special 
quasi dual idempotents? 


Example 2.52: Let S = ((Zig U Kj, K? = 17k, x} = (0, 1, 2, ..., 


k k k k k k k 
LEE DES uis HE he k bis Eg ssi haee 
Laus Las ee Ibog and so on, x} be the natural 


neutrosophic special quasi dual number semigroup. 


S has idempotents and zero divisors. Further S has natural 
neutrosophic idempotents and zero divisors. 


Example 2.53: Let S = ((Zo U kj, K? = 19k, x] = (Zoo, kZoo, 


k k k k k k k k k 
I, ? Ik ? b, Totes Ii. , Iii. ? Iii , Dag , Ii 42k aie Tio + 10k 
and so on} be the natural neutrosophic special quasi dual 
number semigroup. 


S has zero divisors, idempotents and nilpotents. Similarly S 
has natural neutrosophic special quasi dual number zero 
divisors, idempotents and nilpotents. 


We have to prove the following theorem. 


THEOREM 2.9: Let S = ((Z, Uk), K = (n — I)k, x] be the 
natural neutrosophic special quasi dual number semigroup. 
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i. Sisa S-semigroup if and only if Z, is a S-semigroup. 

ii. S has zero divisors, idempotents and nilpotents if Z, 
has. 

iii. If (ii) is true. S has natural neutrosophic special quasi 


dual number zero divisors, idempotents and nilpotents. 


Proof is direct and hence left as an exercise to the reader. 


Next we proceed onto describe the natural neutrosophic 
special quasi dual number semigroup under +. 


Example 2.54: Let 
S = (ZU kx Kk? = 3k, +} be the natural neutrosophic special 
quasi dual number semigroup under addition. 


S = {0, 1, 2, 3, k, 3k, 2k, 1 + k, 2 + k, 3 + k, 2k + 1, 2k +2, 
2k + 3, 3k + 1, 3k + 2, 3k + 3, Ñ, K, Bo Do Biao D, 


k k k k k k k k k k 
Laxo Lau fetus I; + b, b. + b, b, + L, + D. Iis 


+, + D + If + 3k and so on, +} is not a semigroup for 


k k _ yk qk k _ 7k qk k  _ qk 
De + bx = lxo b +b => bek ag = as 


are all idempotents under +. 


That is why S is only a semigroup under + and not a group 
under +. 


Example 2.55: Let 

S = ((Z; Uk), kK? = 4k, +} = (0, 1, 2, 3, 4, k, 2k, 4k, 3k, 
1+k, 1+ 3k, 1+2k, 1+4k,2+k, 2+ 3k, 2 + 2k, 2 + 4k, ..., 
Ds Is Ds na bs I as Dos Dos Ds Io + Iu + 


3k, 1 +4k + IS, ,, + D, , and so on} is a semigroup under +. 
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Example 2.56: Let S = ((Zi; Uk), K’ = 11k, +} is a semigroup 
under +. S has idempotents under +. 


Next we proceed onto describe and develop the semigroup 
on S = {(Z, U ky, k = (n — Dk, +} under x. 


Example 2.57: Let S = ((Zs U kj, K? = (9 — Dk, +), x} be the 
semigroup of natural neutrosophic special quasi dual number 
semigroup under x. 


S has nilpotents, idempotents and zero divisors as well as 
natural neutrosophic special quasi dual number also has 


nilpotents, idempotents and zero divisors. 


This will represent by some elements. 
azk ++I, ¢S8 
GxG= 1:932 


B= If + IK + Ih, a +k, and y= If e S is such that 
By = If is a natural neutrosophic special quasi dual number zero 
divisor. 


Thus the semigroup under X gives not only more elements 
but more number of nilpotents, zero divisors and idempotents. 


Example 2.58: Let S = (((Zi; U ky K? = 10k, +), x} be the 
semigroup under product. 


S is a natural neutrosophic special quasi dual number 
semigroup. S has natural neutrosophic special quasi dual 
number zero divisors, nilpotents and idempotents. 


S is a S-semigroup for Z;; \ (0) under product is a group of 
order 10. 
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Example 2.59: Let S = (((Z;33 U Kj, K? = 22k, +), x} be the 
natural neutrosophic special quasi dual number semigroup. S 
has natural neutrosophic idempotents, zero divisors and 
nilpotents. 


Next we proceed onto describe the natural neutrosophic 
special quasi dual number semiring. 
Example 2.60: Let S = { (Z; Uk); +, x} = {0, 1, 2, k, 2k, 1 +k, 
2+2k,2+k, 2k+1, Ñ, Do K, 6 I, l+ kel e 


2k? 2k+2? 


D 2 -2k + Ia + I ..., and so on +, X] be the natural 


neutrosophic special quasi dual number semiring. 


1+ke Sis an idempotent forl1+kx1+k=1+Kk. 


Io xlh.-elLhusQkkke0and bo X =h isa 
natural neutrosophic zero divisor and I5,, +I] + 


B+h +h +0,, +0,, +L, is the natural neutrosophic 


special quasi dual number idempotent. 
Hence S is not a semifield. 


Example 2.61: Let S = {(Ze U K), K? = 5k, +, x} = (0, 1, 2, 3, 4, 
5, k, 2k, 3k, 4k, 5k, 1 + k, 1 + 2k, 1 + 3k, 1 + 4k, 1 + 5k, 2 + k, 
2 + 2k, 2 + 3k, 2 + 4k, 2 + 5k, ..., 5 +k, 5 + 2k, 5 + 3k, 5 + 4k, 


k k yk k k k k k k k 
5 + 5k lj. Io bio bio lk IL. I. lise la Das 
k k k yk k k k 
L,4.Lb.L.L,, and sums of them as I,,,, + I,,,+ L + 


k k k k k 
L +i + La + Gi, + L,5.... soon, +, X} be the natural 
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neutrosophic special quasi dual number semiring. S has 


idempotents and zero divisors which are given in the following. 


3kx4=0 
4+ (3k 43) 20 
(1 kY 2 (1 4 k). 


Clearly If,, x If,, = If,, and If, x1; =p are some of 
the natural neutrosophic idempotents and zero divisors of the 
semiring S. 


S has subsets which are rings like Zs and (Z6 U k} so S is a 
SS-semiring. 


Further S has proper subsets which are fields like 
Pı = {0, 2,4} CS. So S is also a SSS-semiring. 
In view of this we have the following theorem. 


THEOREM 2.10: Let S = ((Z, Uk), + , x} be the natural 
neutrosophic special dual quasi semiring. 


i. Sis aSS-semiring. 

ii. Sis aSSS-semiring if and only if Z, is a S-ring. 

iii. S has zero divisors. 

iv. S has natural neutrosophic special quasi dual zero 
divisors. 

v. Shas idempotents. 

vi. S has natural neutrosophic special quasi dual 


idempotents. 


Proof is direct and hence left as an exercise to the reader. 
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Now we proceed onto define MOD natural neutrosophic dual 
number interval in the following. 

Let ([0, 5) U g) = {0, 1, 2, 3, 4, g, 2g, 3g, 4g, 1 + 2g, 1 +, 
1+3g,1+4g,2+9,2+2g,x+2g,2+3¢,2+4¢,3+9,x+g, 
x + 4g, 3 + 2g, 3 + 3g, 3 + 4g, 4 + g, x + 3g, 4 + 2g, 4 + 3g, 4 + 


4g, I X c X8, E , Ij. , LH. , ie , Ds, I, 2595 Ibs, Iis, Ixg; XE [0, 


5) and so on ...]. 


Here it is important to keep on record that ('[0, 5) U g) has 
infinite number of elements. 


However if only [0, 5)g alone is taken, we may have that 
every element in [0, 5)g is a zero divisor so '[0, 5)g has infinite 
number of natural neutrosophic dual number zero divisor. 


Further '[0, 5)g c KIO, 5) U g)) or KIO, 5) U g)) 


we can use any one of the notation both notations will be used 
as a matter of convenience. 


Consider ([0, 3) U gy = S and '[0, 3)g = P the collection of 
MOD natural neutrosophic dual numbers. Clearly the cardinality 
of both S and P are infinite and P c S. 


Further ([0, n) U g = S and 10, 3), = P are the infinite 
collection of MOD natural neutrosophic dual number. 


Here it is pertinent to keep on record; n e Z' V {0}. 


It is important to record that [0, n)g is such that ever 
element in it contributes to a MOD natural neutrosophic number 


as g a dual number r ; ae [0, n) is a zero divisor. 
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By this method one gets an infinite collection of MOD 
neutrosophic natural number. 


Example 2.62: Let P — ('[0, 4)g | ag; g —-0,ae€ [0, 4)} be the 
collection of all MOD neutrosophic natural dual numbers. 


P = ([0, 4)g; I, ; x e [0, 4); g? 2 0) 


g ? 
I x Ij, = Ij is a MOD neutrosophic nilpotent element of 


order two. 


However IZ, x Ii, = Ij for all x, t € [0, 4) are MOD 


neutrosophic zero divisors. 


Thus P has infinite number of MOD neutrosophic natural 
numbers. 


Now we proceed onto describe some operations using them 
we can define mainly two operations + and x. 


Two types of products can be used. 


One type of product is usual product other a product on the 
sets ([0, ng, +) and «0, n) U gn. +). 


We describe all the three situations by examples. 


Example 2.63: Let S = ((0, 9g), +} = (ag, E, >) E, all 
ae [0, 9) 


sums Tj IE, lb + D + I.s tE (0, mag + Iĝ, ag+ 1} + Ti. 
... SO on]. 


S is defined as the MOD natural neutrosophic dual number 
semigroup. S is a semigroup under +. S is of infinite order. 
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fx=5+ E «IL 


0.33g and 


y=6+ b thenx+y=2+ i + sst É € S. 


Thus this is only a semigroup as I, + Ibs = I», (by very 


definition). S has subsemigroups of finite order. 


S has subsets which are groups say (Zo, +) is a proper subset 
of S which is a group. (Zo U g}, +) is again a proper finite 
subset of S which is a group. 


Thus S is a Smarandache semigroup of infinite order having 
infinite number of MOD natural neutrosophic dual number 
elements. 


S has also infinite subsemigroups. 


Example 2.64: Let S = (([0, 12)g);, +} = (ag, If; a e [0, 12), 


g. 
ag? 


g g g g 
I ECE ti ord 


wo GS, pE [0, 12); 2 I summation can 


te [0, 12) 
be finite or infinite} is a semigroup of infinite order. 


S is a MOD natural neutrosophic dual number semigroup 
which has infinite number of MOD natural neutrosophic 
elements. 


In view of this we have the following theorem. 


THEOREM 2.11: Let S = [([0, n)g), x] is a MOD natural 
neutrosophic dual number semiring. S is a S-semigroup. 


i. Shas infinite number of zero divisors. 
ii. S has infinite number of natural neutrosophic dual 


number elements. 
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Proof is direct and hence left as an exercise to the reader. 


Next we proceed onto describe the two types of MOD 
neutrosophic dual number semigroups under x. 


Example 2.65: Let 

S = ((0, 6g) x} = {[0, Og, 15, I; te [0, 6), x} be a MOD 
natural neutrosophic dual number semigroup. S has infinite 
number of zero divisor, all elements in S are such that they are 


nilpotent elements of order two. 


Infact S is a zero square semigroup. Every set with zero 


MOD zero IS in S finite or infinite is an ideal. 


These semigroups have several such special properties. S is 
not a S-semigroup. 


Example 2.66: Let S = (([0, 11)g), g^ = 0, x} be the MOD 
natural neutrosophic dual number semigroup. 


S is a zero square semigroup. 
Every subset of S with 0 and Iĝ are ideals of S. 


In view of this we have the following theorem. 


THEOREM 2.12: Let S = (([0, n)g)y g = 0, x} be the MOD 
neutrosophic dual number interval semigroup. 


i. S is never a S-semigroup. 

il. S is a zero square semigroup. 

iii. Every proper subset with O and Ij are always 
ideals. 

iv. S has subsemigroups both of finite and infinite 
order. 

y. S has ideals of both finite and infinite order. 
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Proof is direct and hence left as an exercise to the reader. 


Now we give semigroups of MOD neutrosophic dual number 
semigroups got from the set 


P= (0. n) U gr. x]. 
Clearly Mz (([0, 3) U g), x} 


= ([0, 3), [0, 3)g, [0, 3) + [0, 3)g, E, I5, If,,, where x, y 
€ [0, 3); t, s e [0, 3) and t + sg is either a zero divisor or an 
idempotent or a pseudo zero divisor; X) is a MOD neutrosophic 
dual number semigroup of infinite order. 


S = (([0, 3)g);, x} € M. Thus M has higher cardinality. 
Clearly M is not a zero square semigroup. 


First we will provide examples of them. 


Example 2.67: Let S = (([0, 8) U għ, x] be the MOD 
neutrosophic dual number semigroup. 


S = {[0, 8), [0, 8)g, I 


nilpotent or a zero divisor or a pseudo zero divisor or an 
: 2 
idempotent, g^ = 0, x}. 


x € [0, 8), E 


s+ tg 


x with s + tg a 
S is not a zero square semigroup as 
(3 + 5g) x (2+ 3g) = 6 + 10g + 9g (mod 8) 
=6+3g¢40. 


Thus in general S is not a zero square semigroup. S has zero 
divisors and units; for & = 1 + 4g is such that oc = 1. 


Study of the substructure is an interesting task. 
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Consider P, = {[0, 8), x) is subsemigroup of S which is not 
an ideal. 


P2 = {[0, 8)g, X] is a subsemigroup which is a zero square 
subsemigroup. 


P; = Zs C S is a finite subsemigroup of S. 


P, = Zgg c S is a finite subsemigroup of S such that 
P, x P, = {0} so is a zero square subsemigroup of S. 


Several other interesting properties of S can be derived. 


Example 2.68: Let S = (([0, 13)g) g^ = 0, x} be the MOD 
neutrosophic dual number semigroup. 


This S also has zero square subsemigroups of both finite 
and infinite order. 


However S is not a zero square subsemigroup. 


P; = ([0, 13)g, X] is a zero square subsemigroup of S as 
Pi x Pi = {0}. 


P; = {Zg | g = 0, x} is again a zero square subsemigroup 
of S as P; x P; = (0). 


Clearly S is a S-semigroup as (Zi5 V {0}, x} is a group of 
order 12. 


P; = {(Z,3 U g) | g = 0, x} is only a subsemigroup of S 
which is not a zero square subsemigroup but P; is a S- 


subsemigroup of S. 


P, = (([0, 13) U g) | g° = 0, x} is a subsemigroup of S which 
is a S-subsemigroup of S but is not a zero square subsemigroup. 


In view of all these we have the following theorem. 
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THEOREM 2.13: Let S = (([0, n) Ug), g° = 0, x} is a natural 
neutrosophic dual number semigroup. 


i. SisaS-semigroup if and only if Z, is a S-semigroup. 

ii. S is not a zero square semigroup. 

iii. S has subsemigroup of finite order which is a zero 
square subsemigroup. 

iv. S has subsemigroups of infinite order which is a zero 
square subsemigroup. 

v. Shas nilpotent elements of order two. 


Vi. S has zero divisors other than nilpotents of order two. 


Proof is direct and hence left as an exercise to the reader. 


Next we proceed onto describe the notion of MOD 
neutrosophic dual number semigroup under product got by 
defining product on S = (([0, n)g);, +)}. 


We will illustrate this situation by some examples. 


Example 2.69: Let 
S = (I0, 6g). +), x} = ([0, Og, E, I, I: x € [0, 6), I, 


£ IŠ +»g is such that it a pseudo idempotent a, b € [0, 6)} is a 


MOD neutrosophic dual number semigroup. S is a S-semigroup 
as Ze is a S-semigroup. 


S has infinite number of MOD neutrosophic elements some 
of which are MOD neutrosophic zero divisors and some are MOD 
neutrosophic idempotents and some of them are MOD 
neutrosophic pseudo zero divisors. 


This semigroup is different than the earlier MOD 
neutrosophic dual number semigroups. 
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Example 2.70: Let S = {<[0, 10)g, +), x} be the MOD 
neutrosophic dual number semigroup. 


mg? 


t 
S = {[0, 10g, I5, I. >) I£; t= 2, 3, 4, ..., 0, x} isa 
i=0 
semigroup. Every element is nilpotent of order two. 


So S is a zero square semigroup and not a S-semigroup 


x = (If 


05g and 


+ 


+5 e) 


7.3g 
EET g _ J 
y= To 331 + Th 33808 € S.xxyz i 


is a MOD neutrosophic zero divisor. 
In view of this we have the following theorem. 


THEOREM 2.14: Let S = [([0, n)g, +), g° = 0, xj be the MOD 
neutrosophic dual number semigroup. 


i. Sisazero square semigroup. 

ii. S is not a S-semigroup. 

iii. P = (([0, g}, +} CS is a subsemigroup of infinite order 
which is also an ideal of S. 

iv. S has subsemigroups P of finite order which are ideals 


provided 0 and I; are in P. 


Proof is direct and hence left as an exercise to the reader. 


Example 2.71: Let S = (([0, 8) U 2), +) x, g = g} be the MOD 
neutrosophic dual number semigroup. 
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Clearly S is not a zero square semigroup. S has 
subsemigroups which are not ideals. S has subsemigroups of 
finite order which are not ideals. 


Thus a= (I5,, + I., + 15, ) and 
B= (I, +E, +3) e S. axpz E. 


So every pair does not in general contribute to zero divisor. 


However P; = {[0, 8), X) is a subsemigroup of infinite order 
which is not an ideal. 


P» = {[0, 8)g, x} is a subsemigroup of infinite order which 
is not an ideal by P; x P, = 0. 


P5 = (Za, X] is a subsemigroup of finite order. 
P, = {Zgg, x} is a subsemigroup of finite order. 
P;= ((Za U g), X} is a subsemigroup of finite order. 


Ps = {(Zg U 2g), X] is a natural neutrosophic subsemigroup 
of finite order. 


P; = (Zi, X] is also a natural neutrosophic subsemigroup of 
finite order. 


P; = CZ )e X] is also a finite natural neutrosophic 


subsemigroup of finite order P; C Ps. 
z 


Example 2.72: Let S = (([0, 11) U g», +), g 2 0, x} be a MOD 
natural neutrosophic dual number semigroup. 


S is a S-semigroup as P, = (Z4, V {0}, x} is a group. 


P5 = {Z1,g, X} is a zero square subsemigroup. 
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P; = (Zi, U g), X} is a subsemigroup. 
P, = ([0, 11), x} is a subsemigroup of S of infinite order. 


P; = {[0, 11)g, x} is a subsemigroup of S of infinite order 
which is a zero square subsemigroup. 


Ps = (([0, 11) U g), X} is a subsemigroup of infinite order. 


P; = (([0, 11), x)} is a MOD neutrosophic subsemigroup of 
infinite order. 


P, = {( Zii}, x] is a natural neutrosophic subsemigroup. 
Po = ((Zi4 U gy X} is a natural neutrosophic subsemigroup. 
Pio = ( Zig, x} is a natural neutrosophic subsemigroup. 


Py, = (([0, 1D)g)i) is a MOD neutrosophic subsemigroup. 


Thus these MOD neutrosophic semigroups has special 
features very much different from other semigroups. 


Example 2.73: Let S = ((([0, 18) U għ, +), X] be the MOD 
natural neutrosophic dual number semigroup. S is of infinite 
order. 


S has infinite number of zero divisors and MOD 
neutrosophic zero divisors. 


S has finite subsemigroups as well as infinite 
subsemigroups. S is a S-semigroup if and only if Z, is a S- 
semigroup. 


THEOREM 2.15: Let S = ((([0, n) Ug), +), x] be the MOD 
neutrosophic dual number semigroup. The following are true. 
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i. S is a S-semigroup if and only if Z, is a S- 
semigroup. 

il. S has finite order subsemigroups. 

iii. |. S has infinite number of zero divisors and nilpotents 
of order two. 

iv. |. S has infinite number of MOD neutrosophic zero 
divisors and MOD neutrosophic nilpotents of order 
two. 

V. S has infinite order subsemigroup. 


Proof is direct and hence left as an exercise to the reader. 


Next the notion of MOD natural neutrosophic semirings are 
analysed. 


We will illustrate this by an example. 


Example 2.74: Let S = (([0, n) U g), +, X} be the MOD natural 
neutrosophic dual number semiring. 


We can define P = (([0, n)g);, +, x} be the MOD natural 
neutrosophic dual number semiring. 


Both S and P are semirings. Infact P c S is a subsemiring. 
We will develop this through examples. 


Example 2.75: Let S = (([0, 20)g), g^ = 0, +, x} be a MOD 
neutrosophic dual number semiring. 


g g 
Tsg» Tog € S 


B, x EQ = IE. 


18g 19g 


Thus S has MOD neutrosophic dual number zero divisors. 
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I; xI =I§ is a MOD neutrosophic dual number 
idempotents. 


Infact this semiring is a zero square semiring. Every 
additive subsemigroup P or subsemiring P is a zero square 
semiring provided P contains 0 and Iĝ is an ideal. 


Thus every subsemiring is an ideal. 


Example 2.76: Let S = (([0, 23)g), +, x, g? = 0} be the MOD 
natural neutrosophic dual number semiring. 


S is not a S-semiring. Every subsemiring which contains I7 
is an ideal for every subsemiring contains 0. 


Example 2.77: Let S = (([0, 42)g)1, g = 0, +, x} be the MOD 
natural neutrosophic dual number semiring. This semiring is not 


a S-semiring. 


Zag is a subsemiring but is not an ideal. If P= (Zog L I$) 
then P is an ideal. 


In view of this the following theorem is proved. 


THEOREM 2.16: Let S = [([0, n)g), g° = 0, +, x} be the MOD 
natural neutrosophic dual number semiring. 


i. S is not a S-semiring. 
ii. S is a zero square semiring. 


iii. | Every subsemiring P is an ideal of S if I; is in P. 


Proof is direct and hence left as an exercise to the reader. 


Next we describe the MOD natural neutrosophic dual 
number semiring which are not zero square semiring. 
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Example 2.78: Let S = (([0, 12) U g), g’ = 0, +, X} be the MOD 
natural neutrosophic dual number semiring. 


S is not a zero square semiring as x = 10.32 in S is such that 
x Xx =x’ #0. So S in general is not a zero square semiring. 


Let x = I$ andy= Ej, 


xx y= Ec, # Ij. Thus S is not a zero square semiring. S has 


subsemirings which are not ideals. For Zı2 is a subsemiring 
which is not an ideal. 


Likewise (Zi; U g) is a subsemiring of S which is not an 
ideal. 


S has zero divisors MOD neutrosophic zero divisors, S has 
idempotents as well as MOD neutrosophic idempotents and S has 
nilpotents as well as MOD neutrosophic nilpotents. 


For 3 x 8 = 0 and B x Ig = I, I, x É, = Is 
I, x 5, = I, 2g x llg = 0 this accounts for some zero 


divisors in S. 


Let I. x Ibs = Ij is a MOD neutrosophic nilpotent of order 
two. IZ, x If, = Ij for all x e [0, 12) thus S has infinitely many 


MOD neutrosophic nilpotents of order two. 6 x 6 2 0 (mod 12) is 
a nilpotent in [0, 12). 


Also If x E = IH and I x B = Ij are both MOD 
neutrosophic idempotents of S. 


Clearly 4 x 4 = 4 (mod 12) and 9 x 9 = 9 (mod 12) are 
idempotents of [0, 12). 


Next P = {[0, 12)g, +, x} is a subsemiring which is a zero 
square subsemiring and is not an ideal of S. 
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Let P, = (([0, 12)g);, +, x} be the subsemiring which a zero 
square subsemiring but is not an ideal of S. 


P c P, both are not ideals. 
+ 


In view of all these we have the following theorem. 


THEOREM 2.17: Let S = (([0, n) Ug), g^ = 0, +, xX} be the MOD 
natural neutrosophic semiring. 


i. S has zero square subsemirings. 

ii. — Shas subrings so S is a SS-semiring. 

iii. Sis aSSS-semiring if and only if Z, is a S-ring. 

iv. Shas nilpotents of order two. 

v. S has MOD neutrosophic elements of order two. 

vi. S has zero divisors. 

vii. S has MOD neutrosophic zero divisors. 

viii. S has idempotents. 

ix. S has MOD neutrosophic idempotents. 

x. S has both finite order subsemirings as well infinite 


order subsemirings which are not ideals. 


Proof is direct and hence left as an exercise to the reader. 


Next we proceed onto describe natural neutrosophic special 
quasi dual number sets and properties enjoyed by them with 
additional operations on defined on this set. 


Example 2.79: Let 
S = {Zbh; h? = h, 0, R, R, Da -~ Ip} be a natural 
neutrosophic special dual like number set. 
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Example 2.80: Let 
S-[(Z,hh'zh, D, D, È... Ihn 0, h, 2h, 3h, ... 18h} be 
the natural neutrosophic special dual like number set. 


We can define the two basic operations + and x on S. 


We will first illustrate this by some examples before the 
properties enjoyed by them are enumerated. 


Example 2.81: Let S = ( Zi; h, h^ =h, 0, 1h, 2h, ..., 14h, I}, I}, 


Do I, ..., It,» X) be the natural neutrosophic special dual 
like number semigroup. 


Clearly 5h x 3h = 0, 10h x 10h = 10h are zero divisors. 
b x E, = I and 


h h _ yh : $. oce 
Ij, X Ign —I, are neutrosophic zero divisors. 





n. x b = Ts E. x I =, Ij 
po xb =y mo 
D, x Dr = D. Ios x Tio; a Ting .. Hl 


It is easily verified I and II are natural neutrosophic 
idempotents. 


P; = Zish c S is a subsemigroup of S and is not an ideal of 
S. 


P5 = (0, 3h, 6h, 9h, 12h} c S is also a subsemigroup of S 
which is not an ideal. 
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P,-(0 I5, I, Drs Ion, Io } C S is again an ideal of S 


as 3h x IÈ = I} for the product of any element which is not a 


neutrosophic element has no effect on that neutrosophic element 
and the neutrosophic element remain the same. 


Example 2.82: Let M = (Zh | h? = h, x} be the natural 
neutrosophic special dual like number semigroup. 


Z»4, Zo4h are subsemigroups which are not ideals. 


12h x 4h = 0, 12h x 6h = 0, 12h x 12h = 0, 7h x 7h = h, 3h 
x 8h = 0, 4h x 12h = 0 and so on can contribute to zero divisors. 


Kon X Ion = Ln X Ik, d and 


0 4h 


I, X I, =I} are neutrosophic zero divisors. 

I, X Ucn = Ih is a neutrosophic idempotent. 
h ogh _ qh h h _ qh 

Ton X Ton = lon Toon X Ii, = Io 


= 


h 
xI 0 


h h _ qh h 
Ton x Ten = I, I», 12h 


is a neutrosophic nilpotent. 


Now we have the following which behaves differently from 
the above two examples. 


Example 2.83: Let S = ( Zi h, x} = (0, h, 2h, 3h, 4h, 5h, 6h, Tọ, 
E, Do Go Grs Bo Ka xX} be the natural neutrosophic 
special dual like number semigroup. 


Clearly this semigroup has no zero divisors and no 
neutrosophic zero divisors. This has only two subsemigroups 
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P; = (0, h, 2h, 3h, 4h, 5h, 6h} and 
P; - (Tb, Ty VES Bes lee G Sh? Di 
In view of all these we have the following theorem. 


THEOREM 2.18: Let S = (Zl h, h = h, x} = (0, h, 2h, ..., 
(n—-1)h, 1},1}, I}, T j X} be the natural neutrosophic 


special dual like number semigroup. 


i. S has zero divisors and neutrosophic zero divisors if 
and only if n is not a prime. 

ii. S has more than two subsemigroups if and only if n 
is not a prime. 

iii. S has nilpotents of order two and neutrosophic 
nilpotents of order two if and only if n is not a 
prime. 

iv. S has idempotents other than h if and only if n is not 


a prime. 


Proof is direct and hence left as an exercise to the reader. 


Next we proceed onto describe neutrosophic special dual 
like number semigroup using Z$ h. 


Example 2.84: Let S = {(Z U h), x} = {0, 1, 2, 3, 4, 5, h, 2h, 
3h, 4h, 5h, 1 +h, 2+h, 3+h,4+h,5+h,14+2h,2+2h,3+4+ 
2h,4+2h,5+2h,1+3h,2+ 3h,3 + 3h,4+4 3h, 5 3h, 1+ 
4h, 2+ 4h, 3 + 4h, 4 + 4h, 5 + 4h, 1 + 5h, 2 + 5h, 3 + Sh, 4 + 5h, 


h h h h h h 
3 + 5h, b> I eE 3h ? L,. bob. Pig ied thi 
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h h h h h : : 
Liao Lacon Gane haan luas X} is a semigroup of natural 


neutrosophic special dual like number. 


Clearly S has zero divisors, neutrosophic zero divisors, 
idempotents, neutrosophic idempotents. 


S has subsemigroups which are not ideals. 2h x 3h = 0, 2 x 
3h = 0, 3 x 4 = 0, 3h x 4 = 0, 4h x 3 = 0, 2h x3 = 0 and so on. 


4x 4=4,3 x3 = 3, 4h x 4h = 4h, 3h x 3h = 0, h x h =h, 


h h _ yh yh h _ qh h h _ qh 
I, XT, =h bi X bri = bnr» Lan X Ln = Ias 


sT 


h 
x I 1+ 3h? 


rr 
1+3h 1+3h 


sT 


h 
x I 1+5h? 


1+5h 


I 


1+5h 


h h _ yh yh h _ yh qh h _ qh 
hy, X L =. ln x & =h, bis X In = lo- 


So has zero divisors and neutrosophic zero divisors. Ze is a 
subsemigroup of S. (Zs U h) is again a subsemigroup of S. Zi is 
a natural neutrosophic subsemigroup of S. 


Zsh is also a subsemigroup of S. Zih is a neutrosophic 
subsemigroup of S. None of these are ideals of S. 


Example 2.85: Let S = ((Zs U hj, X} = (0, 1, 2, 3, 4, h, 2h, 3h, 
4h, 1 +h, 1 + 2h, 3h + 1, 1 + 4h, 2 + h, 2 + 2h, 2 + 3h, 2 + 4h, 3 


+h, 3 + 2h, 3 + 3h, 3 + 4h, 4 + h, 4 + 2h, 4 + 3h, 4 + 4h, Ths 


l HE eve se H 


2h? ~3h? “4h ? gab: 


Finding zero divisors other than those 


1+4hxh=0,4+hxh=0,2+ 3hxh=0, 
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2h-3xhz0,1 - 4hx2hz0,1 - 4h x 3h = 0, 
1+4hx4h=0,h+4x2h=0,h+4x 3h=0, 

h+4x4h=0,2+3hx 2h=0, 3+ 2h x2h 2 O, 
2+ 3hx 3h = 0, 3 + 2h x 3h = 0, 2 + 3h x 4h = 0, 


3 + 2h x 4h = 0 are zero divisors of S. I}, 4,, Dan Baon 
and D,, multiplied by I},U,, G, and Ij, lead to 


neutrosophic zero divisors. Z; \ (0) is a group so S is S- 
semigroup. 


Example 2.86: Let S = ((Zi U hj, h? =h, x} = {0, 1, 2, ..., 11, 
h, 2h, 3h, ..., 11h, 1 +h, 2+h,..., 11 +h, 2+ 2h, 14 2h, ..., 2h 
SO oo s hes ERST do obs Ga babes do sb beoe 
Tinsel pony oes Tio ston» Iren Dion Beori Lea 
...} be the natural neutrosophic special dual like number 
semigroup. 


S has zero divisors, idempotents and nilpotents of order two 
as well as neutrosophic zero divisor, neutrosophic idempotents 
and neutrosophic nilpotents of order two. S has subsemigroups 
and ideals. 


We prove the following theorem. 


THEOREM 2.19: Let S = {(Z, Uh), W = h, x] be the natural 
neutrosophic special dual like number semigroup. 


i. S is a S-semigroup if and only if Z, is a S- 
semigroup. 

ii. S has zero divisors and neutrosophic zero 
divisors even if n is a prime. 

iii. S has idempotents and neutrosophic 
idempotents. 

iv. S has subsemigroups which are not ideals. 
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Proof is direct and hence left as an exercise to the reader. 
Next we describe the operation of ‘+’ addition on S. 


Example 2.87: Let 

S = { Záh, +} = (0, 1h, 2h, 3h, 4h, 5h; D Ds Das Dao Dno Bs 
h+ Ty Oh Ty ooh: +E D +6 +i t Boes 
+} be the natural neutrosophic special dual like number a 


semigroup. S is semigroup. 

i+ = 7, W + É = L.so this is only an 
idempotent. 

{Zeh, +} is a group so S is a S-semigroup. 


Example 2.88: Let S = { Zio h, +} be the natural neutrosophic 
special dual like number semigroup. S is a S-semigroup. 


S has subsemigroups. S has idempotents. 


In view of this we have the following theorem. 


THEOREM 2.20: Let S = {Z} h /k° = h, +} be the natural 


neutrosophic special dual like number semigroup. 
i. S is a S-semigroup. 


il. S has neutrosophic idempotents. 
iii. Shas subsemigroups. 


Proof is direct and hence left as an exercise to the reader. 


Next we describe (Z, U h) under addition by some 
examples. 
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Example 2.89: Let S = ((Z; U h), h? = h, +} be the natural 
neutrosophic special dual like number semigroup. 


S has subgroups given by Zo and (Zo U h) so S is a 
S-semigroup both Zo and (Zo U h} subgroups of S under +. 

D. D B, I2, I5, are some of the idempotents in S; 

for B + B5 = 13, 12, + I5, = Iz, and soon. 


Example 2.90: Let S = {(Zi7 U hb), h? = h, +} be the natural 
neutrosophic special dual like number semigroup. 


S is a S-semigroup. 
e+} = 1, +B = If, and so on. 
In view of this we have the following theorem. 


THEOREM 2.21: Let S = {(Z, Uh), kK =h, + } be the natural 
neutrosophic special dual like number semigroup. 


i. Sisa S-semigroup. 
ii. S has several additive idempotents. 
iii. S has subsemigroups if Z, has proper 


subsemigroups which are not groups. 
Proof is direct and hence left as an exercise to the reader. 


Next we study { Zi h} and ((Z, U h),;} under + and x. 


We will illustrate this situation by some examples. 
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Example 2.91: Let S = { Y h, h? =h, +, X} be the neutrosophic 
special dual like number semiring. S has zero divisors, 
idempotents and nilpotents of order two. 


S has also neutrosophic special dual like zero divisors, 
idempotents and nilpotents of order two. 


3h x 4h = 0, 3 x 4h = 0, 6 x 6h = O are zero divisors. 
6h x 4 = 0, 6h x 6h = 0, 6 x 6 = 0 nilpotent of order two. 
4x 4=4,9 x9 = 9 are idempotents. 


hx =, k, x k, = If isthe neutrosophic nilpotent 
elements of order two. 


h h _ fh h h _ fh h h _ fh 
L x La = b; iki x & =]. & xl = i, are some 
neutrosophic zero divisors of S. 


Finally 1} x G = G, B x È =L, G, x É, = G, and 


b. x Ij, =I}, are neutrosophic idempotents of S. 


Every subset with I? and 0 is not a subsemiring. 
Clearly S is SS-semiring as Zi; is a subring. 
S is 


SSS-semiring as P = {0, 4, 8} is a field. S has subsemirings 
which are not ideals. 


Example 2.92: Let S = { Zio h, h? = h, + and x} be the natural 
neutrosophic semiring. 


S is SSS-semiring as well as SS-semiring. 


Further 15 + 4h x h = 0, 
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3+ 16hxh=0, 
10 + 9h x 5h = 0 are zero divisors of S. 


h x h =h is an idempotent I} x I} = I} is a neutrosophic 


idempotent and I},,,, x I5, = Ñ, 


h h _ fh . MT 
Kantis) X Ig, = Ij and so on are neutrosophic zero divisors 


and idempotents of S. 


In view of this we prove the following theorem. 


THEOREM 2.22: Let S = (ZI h / i! = h, +, x] be the natural 


neutrosophic semiring. 


i. S is a SS-semiring. 

ii. Sis a SSS-semiring if and only if Z, is a S-ring. 

iii. S has zero divisors as well as neutrosophic zero 
divisors. 

iv. S has idempotents and neutrosophic idempotents. 

v. S has neutrosophic nilpotents if and only if Z, has 


nilpotents of order two. 


Proof is direct and hence left as an exercise to the reader. 
Next we illustrate this situation by some examples. 


Example 2.93: Let S = ((Z;, U hy, h? = h, +, x} be the natural 
neutrosophic semiring. 


S is a SS-semiring as Z;4 is a ring under + and x. S is a SSS- 
semiring as Z»4 is a S-ring. 
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S has zero divisors and neutrosophic zero divisors. S has 
idempotents as well as neutrosophic idempotents. 


S has nilpotents of order two as well as neutrosophic 
nilpotents of order two. 


h h _ fh h h _ mh 
I;xlI;-21,I;xl,-lL, 
h h _ fh h h _ yh 
kax L =h. 1, x1; = 1, 


are some neutrosophic nilpotents and neutrosophic zero 
divisors. 


Example 2.94: Let S = ((Zi4 U h), b? = h, +, x} be the natural 
neutrosophic semiring. S has zero divisors and idempotents. 


S is a SSS-semiring as Zi; is a field and a SS-semiring as 
CU h) is a ring. 


h h _ qh 
Ij;,,, XI, = l and 
Duy x p. - n are neutrosophic zero divisors. 


6h + 7 x 4h 2 O and (12 +h) x h = 0. 


THEOREM 2.23: Let S = ((Z, Uh), k = h, +, x} be the natural 
neutrosophic semiring. 


i. Sisa SS-semiring. 

ii. S is a SSS-semiring if and only if Z, is a S-ring. 

iii. S has zero divisors as well as neutrosophic zero 
divisors. 


iv. S has idempotents as well as neutrosophic idempotents. 


Proof is direct and hence left as an exercise to the reader. 
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Next we proceed onto develop MOD neutrosophic special 
dual like number sets and the algebraic structures which can be 
defined on them. 


Example 2.95: Let S = ('[0, 3)h, h? = h} be the MOD 
neutrosophic special dual like number set. 


S = (ah, Is ah € [0, 3)h}. S is of infinite cardinality. 


Example 2.96: Let P = ('[0, 12)h | h? = h} be the natural 
neutrosophic special dual like number set. 


Example 2.97: Let B = ('[0, 14)h, h? = h} be the natural 
neutrosophic special dual like number set. 


We can define operations + and x on P. 
We will illustrate the product operation on this set. 


Example 2.98: Let S = ('[0, 10)h, h? = h, x} be the MOD 
neutrosophic special dual like number semigroup. 


o(S) = œ. S has zero divisors and MOD neutrosophic zero 
divisors. 


D, x I5, =I} is a MOD zero divisor. I5, x I5, = I5, isa 
MOD idempotent. 


n x n = Its JUN x E = n and so on. 


Clearly this semigroup has no nilpotents. 


h h 
Infact Igon X Ioa, 


is performed on MOD neutrosophic numbers. 


= If,,,; this is the way product operation 
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Example 2.99: Let 


S= {'[0, 11)h, x, h = h} be the MOD natural neutrosophic 
special dual like number semigroup. 


S is not a S-semigroup. S has zero divisors and MOD natural 
neutrosophic zero divisors. 


h h _ 7h h 
I5 x b, = I, > TS sh 


x D s n > 
h h _ 7h 
Ls x L m I, 
and so on are some of the MOD neutrosophic zero divisors of S. 


Now we can prove the following theorem. 


THEOREM 2.24: Let S = ['[0, n)h / W = h, x} be the MOD 
natural neutrosophic special dual like number semigroup. 


i. S has zero divisors and MOD neutrosophic zero divisors 
which are infinite in number. 
ii. S has nilpotents if Z, has nilpotents. 


iii. S has idempotents and MOD neutrosophic idempotents. 


Proof is simple and direct hence left as an exercise to the 
reader. 


Next sum on '[0, n)h is defined and their properties are 
analysed. 


Example 2.100: Let S = ('[0, 6)h, h? = h, +} be the MOD 
neutrosophic special dual like number semigroup. 


S is of infinite order. 


S has idempotents for I^, + È, = Ib, for every ah e [0, 6)h. 
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Clearly S is a S-semigroup as (Zch, +} is a group under +. 


Example 2.101: Let S = ('[0, 19)h; h? = h, +} be the MOD 
neutrosophic special dual like number semigroup. 


S is a S-semigroup. S is of infinite order and has infinite 
number of MOD neutrosophic idempotents; 


like I, + È = I4 for all ah e [0, 19)h. 

In view of this we have the following theorem. 
THEOREM 2.25: Let S = [('[0,n)h, h? = h, +} be the MOD 
neutrosophic special dual like number semigroup. Then the 


following are true. 


i. Sis aS-semigroup. 


ii. S has infinite number of idempotents. 


Next we proceed onto study the notion of semigroup built 
using S = ('[0, n)h, +}. 


Example 2.102: Let 


S = {'[0, 6h, +} = {[0, Oh, Y Ino 


ah e [0, 6) 
this summation runs over 2 elements, 3 elements so on upto 


infinite number of terms, +} x} be a MOD neutrosophic special 
dual like number semigroup. 


Example 2.103: Let S = ('[0, 28)h, h? = h, +}, x} be a MOD 
neutrosophic special dual like number semigroup. 


S is of infinite order. S has infinite number of zero divisors 
and MOD neutrosophic zero divisors. 


In view of this we have the following theorem. 
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THEOREM 2.26: Let S = ['[0,n)h, K? = h, +}, x] be the MOD 
neutrosophic special dual like number semigroup. 


i. Sisa S-semigroup if and only if Z, is a S-semigroup. 
ii. S is of infinite order. 


iii. S has infinite number MOD neutrosophic numbers. 


Proof follows directly from the definition. 
Example 2.104: Let 


S = (([0, n)h, h? = h, +), x} be the MOD neutrosophic special 
dual like semigroup. 


S is of infinite order and S has infinite number of MOD 
neutrosophic number. 


Next we proceed onto describe MOD neutrosophic semiring 
S = {'[0, nh, h? = h, +, x}. 


S is an infinite semiring which has infinite number of MOD 
neutrosophic elements. 


Example 2.105: Let S = ('[0, 12)h, h? = h, +, x} be the MOD 
natural neutrosophic special quasi dual number semiring. 


S has zero divisor. S is a SS-semiring as Zh c S is a ring. 
As P = (0, 4h, 8h} CS is a field so S is a SSS-semiring. 


S has several MOD neutrosophic zero divisors. 


h h _ qh h h _ fh h h _ fh 
Tron X Von = Io» Ten X Ten = Ios Ign X Ig, = Ty and so on. 


In view of all these we have the following theorem. 
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THEOREM 2.27: Let S = ['[0, n)h, +, x} be the MOD 
neutrosophic special dual like number semiring. 


i. Sisa SS-semiring. 

ii. Sisa SSS-semiring iff Z,h is a S-ring. 

iii. S has zero divisors and MOD neutrosophic zero 
divisors. 

iv. S has idempotents and MOD neutrosophic 


idempotents. 


The proof is direct and hence left as an exercise to the 
reader. 


Next we study the semigroup built using ([0, n) U h), 
h^ =h. 


Example 2.106: Let 
S = (([0, 10) U h}, h? = h} be the MOD neutrosophic special 
dual like number set. 


Example 2.107: Let 
S = (([0, 15) U h}, h? = h} be the MOD neutrosophic special 
dual like number set. 


These sets are of infinite cardinality. 


Example 2.108: Let 
S = (([0, 14) U h); h? = h, x) be the MOD natural neutrosophic 
special dual like number semigroup. 


o(S) = œ, 7 x 2h = 0, 7h x 4h Z 0, 7 x 82 0, 7h x 22 O. 
Thus S has zero divisors. D, x D = ID, E x É = D isa 
MOD neutrosophic idempotent. 


It 


3.5h 
which are not ideals. 


x I} = I} is a MOD zero divisor. S has subsemigroups 
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Example 2.109: Let 
S = {([0, 11) Uh), h? = h, x} 
be the MOD neutrosophic special dual like number semigroup. 


S has idempotents and zero divisor as well as neutrosophic 
idempotents as well as zero divisors. 


5.5h xX 2=0,5.5x2=0, 
5.5 x 2h = 0, 5.5h x 2h = 0, 

2.75 x 4 = 0, 2.75 x 4h = 0, 2.75h x 4 = 0, 2.75 x 8 =0, 
2.75h x 4h = 0, 2.75 x 8h = 0. 


Further 


h h _ fh h h _ fh 
Lb x I; = b> Lys x k -L. 


h h _ fh h h ë fh 
b, XL; = lj, Ign x b E I, 


are some of the neutrosophic zero divisor. 


Zi is a subsemigroup. Zi; \ {0} is a group so S is a S- 
semigroup. 


In view of all these we have the following theorem. 


THEOREM 2.28: Let S = (([0, n) Uh), K = h, x} be the MOD 
neutrosophic special dual like semigroup. 


i. Sis a S-semigroup if and only if Z, is a 
S-semigroup. 
ii. S has idempotents and MOD neutrosophic 


idempotents. 
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iii. S has zero divisors and MOD neutrosophic zero 


divisors. 


The proof is direct and hence left as an exercise to the 
reader. 


Next we proceed onto describe + operation on 
S = (([0, n Uh);, h? = h}. 
Example 2.110: Let 
S = (([0, 18) U h}, h^ =h, x, +} 
be the MOD neutrosophic special dual like semigroup. 
S has MOD neutrosophic idempotents for 


2] 


h 
*I 0.9h * 


Vis + Tos 
Leal x5 Sh x5 eg dob sed 
Example 2.111: Let 
V = ((0, 13) Uh), h? =h, x, +} 
be the MOD neutrosophic special dual like number semigroup. 


h h  _ 7h 
Tosh + Tesh = Tesh > 


h h _ qh 
I;; x L EL I, 
this V has pseudo MOD neutrosophic zero divisors also 
h h _ 7h qh h | qh 
Tosh x I, 25 I, , I x b, = I, 


10+ 3h 


and so on are all MOD neutrosophic zero divisors. 
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h . E . m 
Enas X I, = Ij is again a MOD neutrosophic zero divisor. 


Example 2.112: Let 
M = (([0, 12) U h}, h^ = h, x, +} 
be the MOD neutrosophic special dual like semiring. 


I pelo oe Se ee oL a E 


h h | qh 
and so on. Lj, X Ln =La- 


THEOREM 2.29: Let S = (([0, n) Uh), I! = h, +} be the MOD 
neutrosophic special dual like semigroup. 


i. O(S) = oe 
ii. S is S-semigroup. 
iii. S has no idempotents but has only MOD neutrosophic 


idempotents. 


Proof follows from simple techniques. 


However if both + and x is defined then S = (([0, n) U h}, 
h? =h, +, x} is the MOD neutrosophic special dual like semiring. 


We will illustrate this situation by some examples. 
Example 2.113: Let 
S = (([0, 20) U h), b? = h, x, +} 
be the MOD neutrosophic special dual like number semiring. S is 


SSS-semiring as P = {0, 4, 8, 12, 16} CS is a field with 16 as 
the multiplicative identity. 
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The table for + and x are as follows: 






































+ 0 4 8 12 16 
0 0 4 12 16 
4 4 8 12 16 

8 8 12 16 0 4 
12 12 16 0 4 8 
16 16 0 4 8 12 








P is a group under +. 
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is a group. 


Thus P is a field. So S is SSS-semiring. M = Z» is a ring so 
S is a SS-semiring. 


S has idempotents, MOD neutrosophic idempotents and zero 
divisors. 


Example 2.114: Let 
S = (([0, 12) Uh), h^ =h, +, x} 
be the MOD neutrosophic special dual like number semiring. 


P= {0, 4, 8} CS is a field. So S is a SSS-semiring. S is also 
a SS-semiring. 


All interesting and special elements in S can be obtained. 
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Fo P, x P, = IB, È, x f, =É, 
I, x Ih = If, and so on. 


Dx«IDebobxIDeLb: 


Thus S has MOD neutrosophic zero divisors, nilpotents and 
idempotents. 


In view of all these the following result is true. 


THEOREM 2.30: Let S = [([0, n) Uh), I! = h, +, x] be the MOD 
neutrosophic special dual like semigroup. 


i. Sis aSS-semiring. 

ii. Sis aSSS-semiring if and only if Z, is a S-ring. 

iii. S has infinite number of MOD neutrosophic zero 
divisors and zero divisors. 

iv. S has MOD neutrosophic idempotents. 


v. Shas subsemiring of both finite and infinite order. 


Proof is direct and hence left as an exercise to the reader. 

Next we can now study the notion of natural neutrosophic 
special quasi dual numbers and MOD natural neutrosophic 
special quasi dual number. 


We first give one or two examples. 


Example 2.115: Let S = {Zi k, k? = 9k} be the natural 
neutrosophic special quasi dual number set. 


SUI Te bulbo br 
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Example 2.116: Let 
P = { Zk, K’ = 6k} = {0, k, 2k, ..., 6k, Ib, E rcs Dis 
the natural neutrosophic special quasi dual number set. 


On S = (Zik, kK? = n — 1} we can define both the operation 
+ and x. 


S under + is a natural neutrosophic special quasi dual 
number semigroup. 


S under x is a natural neutrosophic special quasi dual 
number semigroup. 


We just enumerate a few of the properties associated with 
them. 


Example 2.117: Let S = (Zik, k? = 11k, x} is the natural 
neutrosophic special quasi dual like number semigroup. 


S has zero divisors and neutrosophic zero divisors. 


k k _ Yk 
Lr X bk = l> 


T$, Xes hs 
I5 xL, = I5 and so on. 

3kx4k-0 3k X 3k = 3k 

4k x 4k = 8k 6k x 6k = 0 

5k x 5k = 11k 2k x 2k = 8k and 
8k x 8k = 8k. 


Thus 3k and 8k are idempotents and If, x IS, = L5, and 


If, x If, —1$ are neutrosophic idempotents of S. 
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D xI =I, ke xD, =p are neutrosophic zero divisor. 


Now we can define on S = { Zi k, X = (n - Dk, +} the plus 
operation S under + operation is only a semigroup known as the 
natural neutrosophic special quasi dual number semigroup. 


This will be illustrated just by an example. 


Example 2.118: Let S = (Zik, kK’ = 14k, +} be the natural 
neutrosophic special quasi dual number semigroup. 


k k | yk k k _ 7k — 7k k k 
Lb, +t In = ho bi t bk =b X= br +k + Isk 


is the same it cannot be further reduced. Thus S has 
idempotents. 


These examples provide a nice collection of finite 
semigroup under + which has idempotents. 


; Next the semigroup using the set S = {(Z, U k), 
k = (n- Lk}. 


S under x is a semigroup. S under + is a semigroup. 
We will illustrate this by examples. 


Example 2.119: Let S = {(Zio U Kj, K? = 9k, x] be the natural 
neutrosophic semigroup. 


5k x 3k = 5k, 5k X 5k = 5k is an idempotent and so on. 


(3 + 4k)2k = 6k + 8 x 9k 
= 8k 


(2+8k)k =2k+8x9k 
= 4k 
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(2+ 7k)k =2k+ 63k 
= 5k and so on. 


I5 x If, = K, is a neutrosophic idempotent of S. 


k k k > . . . 
I5, X I5, 4, = lo is a neutrosophic zero divisors. 


Thus S has both zero divisors and neutrosophic zero 
divisors. 


Example 2.120: Let S = ((Zi; U kh, +} be the natural 
neutrosophic special quasi dual semigroup. 


k k _ yk 
Ig, + Ig, = Ig 

k k; 

Isk + I; is the same. 

k k | Tk qk k _ Tk 
I, X l = lo igk X 5 =o- 


Example 2.121: Let S = ((Z; U K), K? = 6k, x} be the natural 
neutrosophic special quasi dual number semigroup. 


I x Ik, = K, and so on. 
k k _ qk 7k k _ Tk 
L, xX L =b i, xi =! 


6k? 


k k _ mk k k | mk k k _ Tk 
D ox SIBI I m. 


3k? 1.75k 
Thus S has neutrosophic zero divisors. 


I5 x Ii = T; is a neutrosophic idempotent. 


Example 2.122: Let S = ((Z; vo k), +} be the natural 
neutrosophic special quasi dual number semigroup. 
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DL + Tf =Ñ, 5 +É = x cannot be further simplified. 
x=3+ D +É, andyz4 D «HE e S. 
x+y=2+ 5+5 LE. 

This is the way + operation is performed on S. 


All properties in case of natural neutrosophic special quasi 
dual number semigroups can be derived as in case of natural 
neutrosophic special dual like numbers and natural neutrosophic 
dual numbers. 


This task is left as an exercise to the reader. 


Next the concept of natural neutrosophic semirings using 
the set 


S = (Zi k, +, x} and S, = ((Z, Uk), K? = (n-1)k, +, x) can 
be obtained as in case of semirings of natural neutrosophic 
special quasi dual numbers and natural neutrosophic special 
quasi dual numbers. 


However we will just illustrate this situation by some 
examples. 


Example 2.123: Let S = {(Z U K), K? = 10k, x, +} be the 
natural neutrosophic special quasi dual number semiring. 


S is SSS-semiring. S is a SS-semiring. S has natural 
neutrosophic idempotents. 


Example 2.124: Let S = {(Zx U K), k = 19k, +, x] be the 
natural neutrosophic special quasi dual number semiring. 


S has zero divisors and neutrosophic zero divisors. S has 
idempotents and neutrosophic idempotents. S is a SSS-semiring 
and SS-semiring. 
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Several interesting and important results in this direction are 
obtained. 


Almost all results on natural neutrosophic special quasi dual 
number semigroups and semirings can be derived as in case of 
natural neutrosophic special dual like numbers and natural 
neutrosophic dual numbers. 


Next the MOD natural neutrosophic special quasi dual 
numbers sets and the corresponding algebraic structures can be 
derived as in case of earlier ones. 


We will illustrate this situation by some examples. 


Example 2.125: Let 
S = ([0, 9)h | h? = 8h} be the MOD special quasi dual number 
set. 


Example 2.126: Let 
S = ([0, 11h | h? = 10h} be the MOD special quasi dual number 
set. 


Example 2.127: Let 
P = ([0, 20)h | h? = 19h, x} be the MOD special quasi dual 
number semigroup. P has zero divisors and idempotents. 


Example 2.128: Let 
W = {[0, 19)h | h? = 18h, x} be the MOD special quasi dual 
number semigroup. W has several zero divisors. 


For more about these structures [21]. 


Example 2.129: Let 
S = (/[0, 5)k, k? = 4k} be the MOD neutrosophic special quasi 
dual number set. 


Example 2.130: Let 
W = {'[0, 24)k, k? = 23k} be the MOD neutrosophic special 
quasi dual number set. 
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Example 2.131: Let 
M = ('[0, 3)k; X = 2k, x} be the MOD neutrosophic special 
quasi dual number semigroup. 


M = {[0, 3)k, ps ak € [0, 3)k, x) be the MOD neutrosophic 
special quasi dual number semigroup. 


M has zero divisors, MOD neutrosophic zero divisors and 
pseudo zero divisors and MOD neutrosophic pseudo zero divisor. 


Example 2.132: Let P = {'[0, 12)k, K? = 11k, x} be the MOD 
neutrosophic special quasi dual number semigroup. 


DIT 4k x 6k = 0 


0 
jk x 5. = If 3k x 8k = 0 and so on. 
4k x 4k = 8k 3k X 3k = 3k is an idempotent 
so I5, x If, = I5, is a MOD neutrosophic idempotent. 


Ik x If, =k and 8k x 8k = 8k are MOD neutrosophic 
idempotent and idempotent respectively. 


Example 2.133: Let 
S = {[0, 12)k | k? = 11k, +} is a MOD special quasi dual number 
group of infinite order [21]. 


Example 2.134: Let 
M = {[0, 15)k; K? = 14k, x, +} is only a pseudo MOD special 
quasi dual number ring of infinite order [21]. 


Example 2.135: Let 
M = {[0, 19)k; K = 18k , +, X) is also a pseudo MOD special 
quasi dual number ring of infinite order. 


Example 2.136: Let 
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M= {'[0, 10)k, K = 9k, +, x} be the MOD neutrosophic special 
quasi dual number pseudo semiring of infinite order. 


For IX x IX =I% ; ak € [0, 10)k. 


Since the distributive laws are not true. M is only a pseudo 
semiring. 


Example 2.137: Let 
S= (O, 12)k, K? = 9k, +, x} be the MOD neutrosophic special 
quasi dual pseudo semiring which has zero divisors, MOD 
pseudo zero divisors, MOD neutrosophic zero divisors and 
pseudo zero divisors. 


Next we proceed onto develop MOD neutrosophic special 
quasi dual number sets. 


Example 2.138: Let 
S = (([0, 5) U ky, kK? = 4k} be the MOD neutrosophic special 
quasi dual number set. 


Example 2.139: Let 
S = (([0, 15) U k}; K? = 14k} be the MOD neutrosophic special 
quasi dual number set. 


We can define the + and X operation on S and under both 
these operations S is only a semigroup. 


Example 2.140: Let 

S = (([0, 12) U k), k? = 11k, x} be the MOD neutrosophic 
special quasi dual number semigroup. S has subsemigroups and 
ideals. 


Ik. x If, = pand so on. 


Example 2.141: Let S = (([0, 7) U Kj, k = 6k, +} be the MOD 
neutrosophic special quasi dual number semigroup. 
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([0, 7), +} is a group but If xG, 2L, is only an 
idempotent so S is only a semigroup. S is always a 
S-semigroup. 


All properties of these MOD special quasi dual number 
semigroups under + or X can be developed as in case of dual 
numbers or special dual like numbers. 


Example 2.142: Let 


S = (([0, 18) U kK), K? = 17k, +, x} be the MOD neutrosophic 
special quasi dual number pseudo semiring. 


mn + n ES ki Ty + p = p 
B x To. = Ij I5. x I = jr 
are MOD neutrosophic zero divisors. 
Toe x Toe = n Ij. x n = Isk 


are neutrosophic nilpotent of order two and an idempotent of 
order two. 


All properties can be derived in case these MOD 
neutrosophic structures using special quasi dual numbers. 


Next we proceed onto suggest problems some of which are 
very difficult and challenging and a few are simple. 


Problems 


1. Obtain any special feature associated with MOD 
neutrosophic elements of Io, n- 


2. Given [0, 19) find all pseudo zero divisors. 


3. Let S =(Z, U gy be the natural neutrosophic set. 
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What are the special features enjoyed by S? 


4. Define a product operation on S in problem 3 and find the 
algebraic enjoyed by (S x). 


5. Let (Zi, Uk), x} =S, K? = 10k be the natural neutrosophic 
special quasi dual number semigroup. 


i. Find all ideals of S. 

ii. Find all subsemigroups of S which are not ideals. 

iii. Find all neutrosophic idempotents. 

iv. Find all nilpotent element of S. 

v. Find all neutrosophic nilpotent elements of order two. 
vi. Find all neutrosophic zero divisors. 


6. Let M = ('[0, 8); x} be the MOD neutrosophic semigroup. 


i. Find all ideals of M. 

ii. Find all MOD neutrosophic subsemigroups which are 
ideals. 

iii. Find all MOD neutrosophic zero divisors. 

iv. Find all MOD neutrosophic idempotents 

v. Find all MOD neutrosophic pseudo zero divisors. 

vi. Find all MOD neutrosophic find subsets which are not 
ideals. 


7. Characterize those neutrosophic semigroup S = { zr ) which 


contain the neutrosophic elements of order two for various 
n. 


8. Consider the MOD  neutrosophic interval semigroup 
S = '[0, n). 


i. Findall ideals of S. 

ii. Find all MOD neutrosophic zero divisors. 

iii. Find the MOD neutrosophic idempotents. 

iv. Find the MOD neutrosophic nilpotents of order two. 


9. Let S, = ('[0, 12), x} be the MOD neutrosophic semigroup. 
Study questions i to iv of problem 8 for this S4. 
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10. Let S; = ('[0, 23), x} be the MOD neutrosophic semigroup. 
Study questions i to iv of problem 8 for this S». 


11. Let M = ((Zi; U gh, g = 0, x] be the neutrosophic dual 
number semigroup. 


i. Find all zero divisors and natural neutrosophic zero 
divisors. 

ii. Find all idempotents and neutrosophic idempotents. 

ii. Find all ideals of M. 

iv. Find all subsemigroups which are not ideals. 

v. Is Ma S-semigroup? 


12. Let N = ((Zo3 U gi. g = 0, x] be the neutrosophic 
semigroup. 


Study questions i to v of problem 11 for this N. 


13. Let T = (Zis U 2), g = 0, X) be the natural neutrosophic 
semigroup. 


Study questions i to v of problem 11 for this T. 


14. Obtain all special features associated with natural 
neutrosophic dual number semigroup 
S = {(Z,U g), g’ =0, x}. 


15. Let L = ((Z4; U h}, h’ =h, X} be the natural neutrosophic 
special dual like number semigroup. 


Study questions i to v of problem 11 for this L. 
16. Let M = {(Zs3 U h); h? = h, x} be the natural neutrosophic 


special dual like number semigroup. 
Study questions i to v of problem 11 for this M. 
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17. 


18. 


19. 


20. 


21. 


Let Z = ((Z, U h), b? = h, x} be the natural neutrosophic 
special like number semigroup. 


Study all the special features enjoyed by Z for varying n; n 
odd non-prime, n even and n a prime. 


Let S = {(Zp, U ky, kK? = 120k, x} be the natural 
neutrosophic special quasi dual number semigroup. 


Study questions i to v of problem 11 for this S. 


Let P = ((Z; U ky, kK? = 28k, x} be the natural 
neutrosophic special quasi dual number semigroup. 


Study questions i to v of problem 11 for this P. 


Let S = (([0, 20) U g), g = 0, +} be the MOD neutrosophic 
dual number semigroup. 


i. Show S is a S-semigroup. 

ii. Prove S has neutrosophic idempotents. 

iii. Can S have idempotents? 

iv. Find all subsemigroups of S which are not ideals. 
v. Can S have ideals? 


vi. Can S have S-ideals? 
vii. Can ideals of S be of finite order? 


Let P = ((Z;5 U għ, g^ = 0, x) be the natural neutrosophic 
dual number semigroup. 


i. Prove P have neutrosophic idempotents. 

ii. Can P have idempotents? 

iil. Is P a S-semigroup? 

iv. Find S-ideals if any in P. 

v. Can P have zero space subsemigroups? 

vi. Can P subsemigroups which are not ideals? 


22. 


23. 


24. 


25. 


26. 


27. 
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Let W = {(Zs, U g), g = 0, +} be the neutrosophic dual 
number semigroup. 


Study questions i to vi of problem 21 for this W. 


Let N = ((Zi; U hy, h? = h, +} be the natural neutrosophic 
special dual like number semigroup. 


Study questions i to vi of problem 21 for this N. 


Let M = {Zp U ky K? = 39k; +} be the natural 
neutrosophic special quasi dual number semigroup. 


Study questions i to vi of problem 21 for this M. 


Let V = {KZ U ky kK? = 28k, +} be the natural 
neutrosophic special quasi dual number semigroup. 


Study questions i to vi of problem 21 for this V. 


Let M = {Za U k), K = 63k, +} be the natural 
neutrosophic special quasi dual number. 


Study questions i to vi of problem 21 for this M. 


Let P = ((Zis U gy +), g = 0, x} be the natural 
neutrosophic dual number semigroup. 


Study all special features associated with P. 


i. Find o(P) 

ii. Find ideals in P. 

iii. Find neutrosophic idempotents of P. 

iv. What are the special features enjoyed by elements 


of the form; 


15 


_ 15 
x=m+ I, + Is 


(m € Zis) in P. 


15 15 15 15 
s + Ig + Liu + Iseg+o + ha 
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28. 


29. 


30. 


31. 


32. 


Let W = (((Zig U hb); +), x, h? = h} be the natural 
neutrosophic special dual like number semigroup under x. 


i. Find all properties enjoyed by W. 
ii. Study questions i to iii of problem 27 for this W. 


Let S = (([0, 15) U gy, +), g’ = 0, x} be the MOD 
neutrosophic dual number semigroup under product. 


i. Prove S has infinite number of zero divisors. 

ii. Prove S has ideals and subsemigroups which are zero 
square subsemigroups. 

iii. Prove or disprove S can have ideals of finite order. 

iv. Obtain any other special feature associated with S. 


Let M = (([0, 23) U hb), x] be the MOD neutrosophic special 
dual like number semigroup. 


1. CanM have zero divisors? 

ii. Can M have S-idempotents? 

iii. Is M a S-semigroup? 

iv. Can M have S-zero divisors? 

v. CanM have ideals of finite order? 





vi. Can M have S-ideals? 

vii. Find S-subsemigroups of finite order. 

viii.Prove the number of MOD neutrosophic elements in M 
is infinite. 

ix. Can M have S-MOD neutrosophic zero divisors? 

x. Can M have MOD neutrosophic idempotents? 


Let V = (([0, 45) U ky; kK? = 44k, x} be the MOD 
neutrosophic special quasi dual number semigroup. 


Study questions i to x of problem 30 for this V. 


Let W = (([0, 14) U għ, +), g = 0, x} be the MOD 
neutrosophic dual number semigroup. 


33. 


34. 


35. 


36. 


37. 


38. 
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Study questions i to x of problem 30 for this W. 


Let Y = (([0, 29) U kj, +), K? = 28k, X) be the special 
quasi dual number semigroup. 


Study questions i to x of problem 30 for this Y. 


Let V = ((([0, 40) U h), +), x; h? = h} be the special dual 
like number semigroup. 


Study questions i to x of problem 30 for this V. 


Let X = {(([0, 123)  K) +), x; k? = 122k} be MOD 
neutrosophic special quasi dual number semigroup. 


Study questions i to x of problem 30 for this X. 


Let P = {(Z U għ, +, g = 0, X} be the natural neutrosophic 
dual number semiring. 

i. Find o(P). 

ii. Can P have ideals? 

iii. Prove P is a semiring. 

iv. Find all natural neutrosophic elements of P. 

v. Find subsemirings of P which are not ideals. 

vi. Prove there are zero square subsemirings in P. 

vii. Find any other related properties of P. 


Let M = {(Zig U bh, +, x, h? = h} be the natural 
neutrosophic special dual like number semiring. 


i. Study questions i to v of problem 36 for this M. 
ii. Obtain any other special features enjoyed by these 


semirings. 


Let W = {Zs U ky, k = 28k, +, x] be the natural 
neutrosophic special quasi dual number semiring. 


Study questions i to vii of problem 36 for this W. 
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39. 


40. 


41. 


42. 


43. 


44. 


45. 


Let S = (([0, 24) U g), +, x, g = 0} be the MOD 
neutrosophic interval dual number semigroup. 


i. Study questions i to vii of problem 36 for this S. 
ii. Can S be a S-semiring? 
iii. Does this S enjoy any other special features? 


Let M = (([0, 47) U h}, +, x, h? = h} be the MOD 
neutrosophic interval special dual like number semiring. 


i. Study questions i to vii of problem 36 for this M. 

ii. Enumerate all the special features enjoyed by this M. 
iii. Can M have S-idempotents? 

iv. Can M have S-MOD neutrosophic idempotents? 


All the special features associated with the MOD 
neutrosophic interval dual number semirings. 


S = (([0, n) U gi, g = 0, +, x) — Study and enumerate. 


Study all special features enjoyed by the MOD neutrosophic 
interval special dual like number semiring. 


R = (([0, m) Uh), h? = h, +, x}. 
Compare S in problem 41 with this R. 


Let P = (([0, p) Uk), K? = (p - Dk, +, x} be the MOD 
neutrosophic interval special quasi dual number semiring. 


Compare P with S in problem 41 and compare M with P in 
problem 42. 


When will P in problem 43 be a SS-semiring and SSS- 
semiring? 


Let M = {(Z, U g), g = 0, +, x] be the neutrosophic dual 
number semiring. 
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i. Find the number of neutrosophic elements in M. (This 
includes elements of the form: 


k+ Ig +, +5, +Ik;ke Zn X € Z, is either an 


idempotent or a zero divisor). 
ii. Can M have S-natural neutrosophic zero divisors? 
iii. Can M have natural neutrosophic idempotents? 


46. Let B = {(Zm U h), h? = h, +, x] be the natural neutrosophic 
interval special dual like number semiring. 


i. Study questions i to iii of problem 45 for this B. 
ii. Compare M with B and bring out the similarities and 
differences. 


47. Let D = {(Zm U kh, K? = (m - Dk, x, +} be the natural 
neutrosophic special quasi dual number semiring. 


i. Study questions i to iii of problem 45 for this D. 
ii. Compare D with M and B in problems 46 and 45. 


48. Let M = (([0, n) U gr +, X, g = 0} be the MOD 
neutrosophic dual number semiring. 


i. Prove M has infinite number of MOD neutrosophic zero 
divisors. 

ii. Can M have MOD neutrosophic S-zero divisors? 

iii. Can M have MOD neutrosophic idempotents? 

iv. Can M have S-MOD neutrosophic idempotents? 

v. Isit possible to find finite order ideals in M? 

vi. Can M have S-ideals? 

vii. What will be structure enjoyed by the collection of MOD 
neutrosophic elements? 


49. Let T = (([0, n) U hy, h? = h, x, +} be the MOD 
neutrosophic special dual like number semiring. 


i. Study questions i to vii of problem 48 for this T. 
ii. Compare T with M in problem 48. 
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50. 


51. 


52. 


53. 


54. 


55. 


Let V = (([0, n) U kẹ}, k? = (n - Dk, +, x} be the MOD 
neutrosophic special quasi dual number semiring. 


i. Study questions i to vi of problem 48 for this V. 
ii. Compare T and M with V of problems 49 and 50 
respectively. 


Can there be a MOD natural neutrosophic dual number set 
S = (([0, n) U gy x) which has no MOD neutrosophic 
idempotents for n e Z^ V {1}. 


Can there be a MOD natural neutrosophic special dual like 
number set P = (([0, m) U h), h? = h, x) which has no MOD 
neutrosophic zero divisors for some m e Z' \ {1}? 


Can P in problem 52 have no MOD neutrosophic nilpotents 
of order greater than two? 


Give examples of those P for which P has MOD 
neutrosophic nilpotent element of order greater than or 
equal to three. 


Let M = (([0, 0 U kj, K? = (t - Dk; +, x} be the MOD 
neutrosophic special quasi dual number set. 


i. CanM have MOD neutrosophic zero divisors? 
ii. Can M have MOD neutrosophic idempotents? 
iii. Can M have MOD neutrosophic nilpotents? 


Chapter Three 


NATURAL NEUTROSOPHIC NUMBERS IN 
THE FINITE COMPLEX MODULO INTEGER 
AND MOD NEUTROSOPHIC NUMBERS 


In this chapter we for the first time study natural 
neutrosophic numbers in the ring C(Z,) and that of MOD 
neutrosophic complex numbers in C([0, n)). 


Also natural neutrosophic numbers are introduced in 
(Z, U I) and MOD natural neutrosophic numbers in [0, n)I and 
(I0, n) u D. 


These situations are described in the following. 


Example 3.1: Let B = {C(Zs) | i} = 4} = (0, 1, 2, 3, 4, i, 2ip, 
Sin ip, 1 4 dg; 2 +ip ..., dig] 


The natural neutrosophic complex modulo integer are 
C'(Zs) = {C(Zs), I}. 


We denote the natural neutrosophic complex modulo 
integer of C(Z,) by C'(Z,). 
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Example 3.2: Let 
M = {C(Z,) | i = 3} be the finite complex modulo integers. 


The natural neutrosophic complex modulo integer; 


CZ) = (C2). Th, DD Bsa Dass D.) is 


the natural neutrosophic complex modulo integer set. 


Example 3.3: Let 
M = {C(Z,) | i = 1} be the finite complex modulo integers. 


The natural neutrosophic complex modulo integer set. 
C'(Z,) = (0, 1, ip, 1 ig, Th, I, }- 
Clearly o(C'(Z5)) = 6. 


Example 3.4: Let P = (C(Z3) | re = 2} be the finite complex 
modulo integers. 


Cl(Z;) = (0, 1, 2, ip, Zip, 1 + ip, 2 + ip, 2 + ip, 1 + 2ip, I) is 
the natural neutrosophic finite complex modulo integer set. 


Example 3.5: Let W = {C(Ze) | 1c = 5} be the finite complex 
modulo integers. 

CZ) = (0, 1, 2, 3, 4, 5, ip, 2ip, 3ip, 4ip, Sip, 1 + ip, 1 + 2ip, 1 
tig 1 + 4ip, 1 + Sip, 2 + ip, 2 + Zip, 2 + Zip, 2 + 4ip, 2 + Sip, 3 + 
ip, 3 + 2ip, 3 + 3ip, 3 + 4ip, 3 + Sip, 4 + ip, 4 + Zip, 4 + 3ip, 4 + 


4ip, 4 + Sip, 5 + ip, 5 + 2ip, 5 + 3ip, 5 + 4ip, 5 + Sip, D, 


c c c c c c c c c c Cc 
B L B, Dip Liro Bip Ls, liio; Ls; Ia. Ts sig? 
c c c c c c c c c 


Q+ip? 124 2ip? !2 4ip? I2 5ig? 43 +ip? 53243ig?. IA igo 144 2ip? 44 dip 
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and so on} is the natural neutrosophic finite complex modulo 


integers. 


Example 3.6: Let C(Z;) = (0, 1, 2, ..., 6, ip, Zip, ..., Oip, 1 + ip, 1 
+ 2ig, ..., 1 + Oip, 2 + ig, ..., 6 + 6ip} be the finite complex 
modulo integers. 


Cz) = {C(Z,), I, }, we are yet to find some natural 
neutrosophic finite complex modulo integers. 


Example 3.7: Let C(Zs) = (0, 1, 2, ..., 7, ip, Zip, ..., Tig; 1 + ip, 4 
+ dp, ..., 7 + Tig) be the complex modulo integer. 


C'(Z4) = (0, 1, 2, ..., 7, ip, ..., Tip, 1 + ip, ..., 5 + Ĝip, ..., 7 + Tir, 


c c c c c c c c c c c 

lj; 5 L Ie Di > Li» I5. > D. | bearer | + ig? Ts big? 
Cc c c c c C C c c 

| oi. L.»i.. b. La; Ioa sip> Loan I. D sip , I5 + 3ip 


and so on} be the natural neutrosophic complex modulo 


integers. 


Example 3.8: Let B = {C(Zjo) | iz = 9) be the finite complex 
modulo integer. 


I TT c c c c ic c c c 
C (Zio) = {C(Zio), Ih , D, bi. , L. Li , Is. > K, Kip , 
c c c c c c c c c c 
Iy I5, si> l+ip? 2+2ig bessola aio 6+6ip? 18s 8gig» I2 digo 
c c c c c c : 
DL. Icio: b. Loo L ssip Io a,» La, and so onj is 


the natural neutrosophic finite complex modulo integers. 


Example 3.9: Let S = (C(Z5), i = 14} be the finite complex 
modulo integers. ClZi) = (C(Z3, I, E, If B, LL, 
Lb sT b VERG. LaL E I 


12° *6ip? “Sip? ^10ip? ig? “6+6ip? “Sip? ^643ig? ^3 Gig? and so 


c 
12 + 9ip 
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on} is the natural neutrosophic finite complex modulo integer 
set. 


Example 3.10: Let S = {C(Zj1) | i = 10} be the finite complex 
modulo integer. 


CZ) = (C(Zi)), I, one has to find more elements} is the 
natural neutrosophic finite complex modulo integer set. 


From these examples the following result is prove. 
THEOREM 3.1: Let C(Z,,) be the finite complex modulo integer. 
i. C(Z,) is always different from C(Z,). 


i Oy (Z,) has more than one natural neutrosophic 
number (element) if n is positive integer. 


Proof: Since 0 € C(Z,). Ij is always a natural neutrosophic 


element as 5 is undefined for all x € C(Z,). 


Hence proof of (i) is true. 
Consider C(Z,) where n is a composite integer. 


So Z, has p, q € Z, such that p x q = 0. Hence this paves 
way for I; and I, for natural neutrosophic elements. 


Further D, and T; also are natural neutrosophic elements 
of C(Z,). 


Hence the result. 


However the following problem is given as an open 
conjecture. 
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Conjecture 3.1: Let S = {C(Z,), i; = n — 1} be the finite 
complex modulo integer. If n is a prime. 


i. Can C'(Z,) have more than one natural neutrosophic 
element? 

ii. Can C'(Z,) have zero divisors if n is a prime? 

ii. Can CZ, have nontrivial idempotents if n is a 
prime? 


Next we proceed onto describe some algebraic operations 
on C'(Z,). Let us first describe product operation on C'(Z;) by 
an example. 


Example 3.11: Let S = {C(Ze) | i = 5} be the finite complex 
modulo integer. 


C'(Zs) = (CZ9. b5, D. 5 D. , L.. , B. > D a ai > Ia > 
,I ,L T? Id 


c 
I 4+ 2ip 3 +3ip? Etip ? ~“2+ip ip +2? 


2+ dig 


the natural neutrosophic complex modulo integers. 


DL,,, and so on] is 


Define x operation on C'(Z,). S = (C'(Z;), x) is defined as 
the natural neutrosophic complex modulo integer semigroup. S 
is a semigroup. 


Cc c — c c c . c c c FEM c 

Lx =L, xL =b; bp Xy =L. 

c c _ Te c c T6 

Li. X Dsi =; Lissi XLb.s = D isi and so on. 


This is the way product operation is performed on S. 


We see S can have natural neutrosophic complex modulo 
integer zero divisors and idempotents. 
xE =5, 5 


Go aTe 
3> Bi X by =Å and so on. 
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Example 3.12: Let 
S = (Cl(Z,5), i = 11, x} be the natural neutrosophic finite 
complex modulo integer semigroup. 


S has natural neutrosophic zero divisors and idempotents. 


Example 3.13: Let 
S = (Cl(Z;; i = 19, x} be the natural neutrosophic finite 
complex modulo integer semigroup. 


S has zero divisors and idempotents. 


c c 
S 


_ 7 c Care c C _ TC 
ji, 7I; E; X5 =b; 5 x =I. 


S has subsemigroups which are not ideals as well as S has 
ideals. 


Take C(Z2) c S is a subsemigroup of S which is not an 
ideal. 


P = (0, 10, 10i, 10 + 10ip, I5, Ir, Loi > Tio + 10ip } cS is an 
ideal of S. 


Hence the claim. 


Example 3.14: Let 
S= tC i = 12, x} be the natural neutrosophic complex 
modulo integer semigroup. 


S has finite subsemigroups. Finding ideals in S is a difficult 
problem. 


In view of this we propose the following conjecture. 
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Conjecture 3.2: Let 

S = (CU i; = p — l, p a prime, x} be the natural 
neutrosophic finite complex modulo integer semigroup. Can S 
have ideals? 


Next we proceed onto describe + operation on the natural 
neutrosophic finite complex modulo integers by examples. 


Example 3.15: Let 
Mz IC 3. +; i = 15} be the natural neutrosophic finite 
complex modulo integer semigroup. 


M is only a semigroup as I, + I; = Ig Ip + Ui, = hi, + Ua, 


and D. + i; =, so only idempotents under + so S cannot be 
F F F 


a group only a semigroup under addition. 
S is of finite order. 


M has subsets which are groups; viz, Zig and C(Zi6) are 
groups hence M is a Smarandache semigroup. 


So we have several such subgroups in C'(Zjc). 
Working with these structures is innovative and interesting. 


Example 3.15: Let S = (C'(Zi5), +} be the natural neutrosophic 
finite complex modulo integer semigroup. 


C(Zi9), Zio and Zoir are the proper subsets of S which are 
groups under +. Thus S is a Smarandache semigroup. 


Now in view of this the following result is proved. 
THEOREM 3.2: Let S = (C'(Z,), +} be the natural neutrosophic 


finite complex modulo integer semigroup. S is a Smarandache 
semigroup. 
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Proof follows from the fact C(Z,), Z» and Zip are 
subsemigroups of S under + which are groups. Hence the claim. 


Next we proceed onto give the product structure on the 
additive semigroup. S = {C'(Z,), +}. 


This will be illustrated by some examples. 


Example 3.17: Let S = ((C(Zj), +), x} be a natural 
neutrosophic finite complex modulo integer semigroup under x. 


Clearly 
S= (CC). To, D, D. Dis Eau Et Io E D, 
I 4D, 1*1, 2D, 2*1, 2+ Tai, 29D. 
341.3 +> 3+ Es 3+ D... Lo D... I + Is 
SS Te I DER. 
D, I+, are also known as natural neutrosophic complex 


4 % 
numbers for I, = I, in our usual notation, 


Superfix c is used to denote the structure is from the finite 
complex modulo integers. 


Further 2 € C(Z4) as well 2 € Za this is only an analogous 


identification. 

Dx Ij; = b. 
Consider 

D. x I. = D. +2° 


This is the way natural neutrosophic finite complex modulo 
integer products are performed. 
Drz 


xL I 


2ip +2 — 40° 


There are many nilpotents of order two. 
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c c c 
2+ D, th +i, = XES. 
2 c c c c 
xz-zlIL-L + b. tb. 
c c C c 
For 2D, = Di. + Db, = Dip- 


This is the way operations are performed on S. 


Example 3.18: Let 


S= ((C(Z5), +), x} be the natural neutrosophic finite complex 
modulo integer semigroup. 


Finding natural neutrosophic finite complex modulo 
integers, zero divisors and idempotents is a difficult job. 


Let us now proceed onto develop the notion of natural 
neutrosophic finite complex modulo integer semirings. 


We will first describe this situation by some examples. 


Example 3.19: Let 


S= (CI); +, X} be the natural neutrosophic finite complex 
modulo integer semiring. 


Clearly o(S) < œ that is this is a finite semiring which has 
natural neutrosophic complex finite modulo integer zero 
divisors and idempotents. 


c c _ fe e < = Jf 

For I; x I; =Ñ, b, X5 =h, 

c c — TS g $ = I 
I x I. = Ih , DL. XL, I. 
c Ce Te c K -E 
Issie X I5, 7L. In, XI, s, = o> 
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and so on are the natural neutrosophic complex finite modulo 
integer zero divisors. 


I, x I}; = I; and 

I; x I; = Iz; are idempotents which are in Zie. 
Now Iz X Io = I; and 

D, XL, -L. 


Can we have pure natural neutrosophic idempotents? 


R f aed T 
I; es, X I; i5 7 Ij is a zero divisor. 
TC c c c : 
x= I; + Di + Bi, + La be in S. 


c 
8 + 4ip 


xxXx= [+R +1 titi, +k ES. 


6ip +2 
This is the way product operation is carried out in S. 


Clearly Zio is a subsemiring which is a ring so S is a SS- 
semiring. 


C(Zio) is again a subring; B = (0,5) CS isa field so S isa 
SSS-semiring. 


Example 3.20: Let 
S = (ClZ,), i = 10, +, x} be the natural neutrosophic finite 
complex modulo integer semiring. 


Zıı is a field in S so S is a SSS-semiring. C(Z;,) is a subring 
in S so S is also a SS-semiring. 
Finding zero divisors is a difficult job. 
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However for x = 1+ Ij € S. 

x =(1+ I5)=1+ I =x is an idempotent. 
Letx=5+ Ij andy-4- Ij € S. 
xxyz(ó-Ln)xa4-1Ln)2941ne8. 


Example 3.21: Let S = (C24), i? = 23; +, x} be the natural 
neutrosophic finite complex modulo integer semiring. S has 
zero divisors, natural neutrosophic zero divisors, complex finite 
modulo integer zero divisors and natural neutrosophic complex 
modulo integer zero divisor. 


We see I, K, Ij, 5, I will give natural neutrosophic zero 
divisors. 


2, 3, 4, 8, 12, 6 etc will give zero divisors. 2ip, 4ip, 3ip, Sip, 
12ip, 6ip can give finite complex modulo integer zero divisors. 
L + 4ip 


neutrosophic finite complex modulo integers. 


c c c 
W546i, Ini, and I5. are some of the natural 


Now we have also mixed zero divisors contributed by x = 8 
c c Cc 
+ Igi + I; , si, + I; and 


ys6« E +E 


6+3 t la, € Sis that is x x y= Dp. 


We see if n is a composite number then certainly C'(Z,) has 
Zero divisors. 


However if n is a prime we are not always guaranteed of 
Zero divisors. 


Finding subsemirings and ideals in case of these finite 
natural neutrosophic complex modulo integer semirings is 
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considered as a matter of routine and hence is left as an exercise 
to the reader. 


Next we proceed onto study MOD neutrosophic interval 
finite modulo complex numbers. 


Example 3.22: Let S = {C[0, 6))} = {Collection of all 
elements from [0, n), C([0, n)) and those If where x is an 


element in [0, n) such that it is a zero divisor or an idempotent 
or a pseudo zero divisor]. 


C0, 6)) = {C([0, 6)), b, D. ’ b, Di ? D... B. ? 
I2 Iz, and so on} is the collection of all MOD neutrosophic 


finite complex modulo integers. 


Example 3.23: Let P = (C[0, 7)), i? = 6} be the MOD 
neutrosophic finite complex modulo integers. 


P={5; D, I7 5 


3.5ip? 


B sip sss Lisi, > C([0, 7)) and so on}. 


Example 3.24: Let M = (C([0, 12)), i = 11} be the MOD 
neutrosophic finite complex modulo integer interval. 


M = (C([0 12) Ih, IL.DI.L D, D. 


6ip? “ip? 2ip? 
c c 
b, Big? Li. 


c C c c 32 
tL. Ti, , I. +12? b. +24and so on} is the MOD 


neutrosophic finite complex modulo integers. 


Thus it is a difficult problem to find the number of MOD 
neutrosophic finite complex modulo integers. It may be infinite. 


However the open problem is can it be for any prime p be 
finite? 


This problem is little difficult. 
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Now having seen examples of MOD neutrosophic finite 
complex modulo integer elements we proceed onto study or 
employ algebraic structures on them. 


Example 3.25: Let S = {C\({0, 4), x} = (C([0, 4), | bm be 
D... D. ? B... Dri 


finite complex modulo integer semigroup. 


and so on} be the MOD neutrosophic 


This semigroup has zero divisors and MOD neutrosophic 
zero divisors. 


However finding idempotents happens to be a difficult 
problem for this S. 


Infact S has subsemigroups which are not ideals and of 
finite order. 


Finding even ideals in S is a difficult task. 


Example 3.26: Let A = {C[0, 5), x} = (C([0, 5); If, 
D;, Db. > Tins, Ij osi, , D. osi, , I5 os cias, , etc} be the MOD 


neutrosophic finite complex modulo integers. 


Clearly 2.5, 2.5ip, 1.25, 1.25ip, 2.5 + 2.5ip, 1.25 + 1.25ip, 2.5 
+ 1.25ip, 2.5ip + 1.25ip, 3.75, 3.75ip, 3.75 + 3.75ip, 3.75 + 2.5ip, 
3.75ip + 2.5 and so on are all only pseudo zero divisors for their 
product with a unit 4 or 2 leads to give zero divisors hence this 
study is new and in these semigroups we have pseudo zero 
divisors which help to pave way for MOD neutrosophic pseudo 


divisors. 
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However I5; xI,, =I, but it is clear none of these can 
lead to MOD neutrosophic zeros for both 4 and 2 are 


l. ae 
neutrosophic as d is 4 and i = 3 so they are units in Zs. 


Such type of tricky but innovative study is left open for any 
interested researchers. 


This sort of situation mainly prevails when one uses in the 
MOD interval of complex finite modulo integers C([0, n), n a 
prime number. Hence a special type of study is needed for n a 
prime value. 

We will just illustrate this situation by one more example 
before we proceed on to study other algebraic structures on 


C'([0, n)). 


Example 3.27: Let B = (C'([0, n)), x} be the MOD neutrosophic 
finite complex modulo integer semigroup. 


5.5, 5.5ip are both pseudo zero divisors as 
5.5 x 2 = 0 (mod 11) 
5.5ip x 2 = 0 (mod 11) 
5.5 + 5.5ip x 2 = 0 (mod 11) 
5.5 x 4& 0 (mod 11) 
5.5 x 8 = 0 (mod 11) 
5.5 + 5.5ip x 12 =0 (mod 11). 


But none of the elements 2, 4, 6, 8, 10 or 12 can be 
neutrosophic as all of them are units. 
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Similarly 2.75, 2.75ip, 2.75 + 2.75ip, 2.75 + 5.5ip, 2.75ip + 
5.5 are all only pseudo zero divisors. 


Similarly 1.1, 2.2, 3.3, 4.4, ..., 9.9 and 1. lip, 2.2ip, 3.3ip, ..., 
9.9ip are all pseudo zero divisors for 10 acts on them to make 
them zeros. 


1.375, 1.375ip, 1.375 + 1.375ip lead to pseudo interval zero 
divisors. 


For 8 which is a unit in 11 makes them zero. 

The study of pseudo zero divisors in MOD intervals is a 
challenging problem for they cannot be MOD neutrosophic zero 
divisors and pseudo zero divisors. 


In view of all these we have the following conjecture. 


Conjecture 3.3: Let S = (C'([0, n)), n a prime, x} be the MOD 
neutrosophic finite complex modulo integer semigroup. 


i. Can S have zero divisors? 
ii. Can S have pseudo zero divisors? 


iii. Can S have MOD neutrosophic pseudo zero 
divisors? (How to develop this notion?) 


iv. Can CX[0, n), n not a prime have MOD 
neutrosophic pseudo zero divisors? 
(Clearly if n is not a prime then also [0, n) has 
pseudo zero divisors). 


Next we define the notion of + operation on C0, n)). 


Let S = (C[0, n), +} = {Collection of all MOD 
neutrosophic finite complex modulo integers under +}. S is 


only a semigroup and not a group as T; + E; =I} for all x € 
C'([0, n)); is an idempotent. 
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We will illustrate this situation by some examples. 


Example 3.28: Let S = (C'([0, 6)), +} be the MOD neutrosophic 
finite complex modulo integer semigroup. 


m ‘ c c c c c c c c 
S = KCM, 6) IL. DLL, Bio Lio Bb. 
c c c c c Cc c v 
D 43i? e E, Ds Dsp Lssisigs ho» lul and so on)} 


is a semigroup generated under +. 


s » c c _ Te 
Clearly we define in general Ij ;, + Ds, = Lj, and so on. 


Hence this is an idempotent under +. 


This semigroup has subsemigroups of both finite and 
infinite order. 


There are both subsemigroups which are groups under + of 
infinite and finite order. 


For Zs is a group under +. C(Z;) is again a group under +. 
[0, 6) is a group of infinite order under +. [0, 6)ip is also a group 
under + of infinite order. 


C([0, 6)) is also a group under + is an infinite group. 
Thus S is a Smarandache semigroup. 


Example 3.29: Let M = (C'([0, 7)), +} be the MOD neutrosophic 
finite complex modulo integer semigroup. 
I; 4 8.5ip? I, 


4.25? 


M = KCM, 17), I. ks, G 


8.5ip ? 
c c C c c 
Li» Los + 425p > Las + Issi + Loos 445i, and so on), +} be the 


MOD neutrosophic interval semigroup. M is a S-semigroup of 
infinite order. 
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Example 3.30: Let 
S = {(C'((0, 24)), +)} = {C'((O, 24)), x + Ij, x + Ij, + Ii, and 


so on} be the MOD neutrosophic finite complex modulo integer 
semigroup. 


This is only a semigroup as MOD neutrosophic elements 
under the operation of addition is only an idempotent. 


Several interesting properties can be derived which is 
considered as a matter of routine and left as an exercise to the 
reader. 


Next we prove a theorem. 


THEOREM 3.3: Let S = {C'([0, n)), +} be the MOD neutrosophic 
finite complex modulo integer semigroup. 


i. Sis aS-semigroup. 

ii. S has subgroups of both finite and infinite order. 
iii. S has idempotents. 

iv. S has MOD neutrosophic idempotents. 


Proof is direct and hence left as an exercise to the reader. 
Next we illustrate the semigroup under product using the 
additive MOD neutrosophic finite complex modulo integer 


semigroup under + by examples. 


Example 3.31: Let S = ((CK[0, 3)), +), x} be the MOD 
neutrosophic finite complex modulo integer semigroup under x. 


Clearly S contains elements of the form x = 2.532 + I, + 


Ij;,,4, and y = 0.273 + Ij, + I and so on. 


x X y = 2.532 x 0.273 + I, + Ij s. isi, +I; + T25 + 225i : 
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This is the way product operation is performed on S. If x = 
1.5 is a pseudo zero divisor x’, x, xí, ... are also assumed to be 
pseudo zero divisors. 


Likewise L, ISTE ... are all assumed to be 


pseudo zero divisors. 


So we may also have infinite sums of MOD neutrosophic 
elements in S. 


This study is new and innovative. So far there has been no 
research in this direction. 


Example 3.32: Let 
S = ((C([0, 10), +), x) be the MOD neutrosophic finite 
complex modulo integer semigroup. 


S has pseudo divisor, zero divisor, MOD neutrosophic zero 
divisors and pseudo zero divisors. 


S has subsemigroups of both finite and infinite order. 


Example 3.33: Let 
S = ((CK([0, 29), +), x) be the MOD neutrosophic finite 
complex modulo integer semigroup. 


S has MOD neutrosophic pseudo zero divisors. S has 
subsemigroups. 


Next we proceed onto describe MOD neutrosophic finite 
complex modulo integer semirings by examples. 


Example 3.34: Let 
SE (C0, 16), +, X, i = 15} be the collection of all MOD 
neutrosophic finite complex modulo integer semiring. 
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S has zero divisors and MOD neutrosophic zero divisors. S is 
not a semifield. S is only a pseudo semiring as + and x are not 
distributive. 


Let us consider x = lj + IL, +i, and y = I, 
Ll tl this € S.xxy- I, is a MOD neutrosophic finite 


complex modulo integer zero divisor. 


Several properties of infinite semirings can be adopted to 
these pseudo infinite semiring with appropriate changes. 


Example 3.35: Let M = (Cl[0, 10), +, x} be the MOD 
neutrosophic finite complex modulo integer pseudo semirings. 


Let x = I; + I, t5, eM. 


ES c c c 
ee ae ee Fia) 


c c c c 
-Lht Is. + IS. si, +I) 
FX. 
But x +x =x. 


This is the way product and + operation is performed on M. 


M has subsemirings which are rings so M is SS-semiring. 
Also M has a subset which is a field so M is SSS-semifield. 


Finding ideals in these pseudo semirings is a difficult 
problem. 


Example 3.36: Let S = (CK[0, 29)), +, x} be the MOD 
neutrosophic finite complex modulo integer pseudo semiring. 
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S has pseudo zero divisors 14.5, 14.5ip, 14.5 + 14.5ip, 7.25, 
7.25ip, 7.25 + 7.25ip, 2.9, 5.8, 7.7, 2.9ip, 5.8ip, 7.7ip, 11.6ip and 


so on contribute to pseudo zero divisors. 


Hence I5,,, D,, I5,, Izo, and so on are MOD neutrosophic 


pseudo zero divisors. 
Study in this direction is innovative and interesting. 


Since this study of pseudo semirings using MOD 
neutrosophic finite complex modulo integers considered as a 
matter of routine. 


This work 1s left as an exercise to the reader. 


Next the concept of natural neutrosophic finite neutrosophic 
modulo analogue using the MOD intervals ([0, n) U Dy is 
developed and described in the following. 


Example 3.37: Let S = ((Z; Ii] = (Collection of all natural 
neutrosophic numbers in (Zo U I) got by adopting division in 
(Zo U D} = {2 U D, I); L, Is ibr p Lola 


I 
Iss and so on}. 


Finding order of S is a difficult job. 


I I _ ql I I —] 

Gia Xk = bo Gia X Gas =h 

I I m 1 I _qI 

Isser X dese = lo Li X L431 — I; and so on. 


Thus S has zero divisor and natural neutrosophic zero 
divisors. 


Study in this direction is interesting and innovative. 
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Example 3.38: Let 
W = (Za U Dy x} be the natural neutrosophic finite 
neutrosophic modulo integer semigroup. 


W = (Za U D, I. i n € Z4, and so on, x] is a 
semigroup for P = I and I is an invertible neutrosophic number 
which is also assumed to be an indeterminate. 


Example 3.39: Let 
M = ((Zi U Dr x] be the natural neutrosophic finite 
neutrosophic modulo integer semigroup. 


M has both zero divisors, idempotents and natural 
neutrosophic idempotents and zero divisors. 


Next we give on (Z, U I), the operation of addition. 


Example 3.40: Let S = ((Z; U Ij, +} = {0, 1, 2,0, I, 2I, 1 +I, 2 
+1,2+ 21,1421, I}, I], Lj and soon, +}. 


(I, + I, +, = x we see x + x = x) be the natural 


neutrosophic finite neutrosophic modulo integers semigroup 
under +. 


Example 3.41: Let M = ((Z, U Dy +} = {Z u D, 


Ig 7 qi I I I I 
Ij. b. b, b+ h+ bop h+ be and so on, +} be the 


natural neutrosophic finite neutrosophic modulo integer 
semigroup. 
I I I I 
x-lL,4*b.y-lLl-*b,4€eM 


yty- I; + Din eM 


x+y=[}+0,,,+05 +1, €M. 
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Example 3.42: Let P = {(Zg U Dy, +} = ((Zs UD), Ij; Do E, 
I 


pes bp lo Die b, G, IL and so on, +} be the MOD 


7I? 


neutrosophic finite neutrosophic modulo integer semigroup. 
I I.T] 
L-IL-lL, 


Ieee t+ Lir, + G; and soon are elements of P. 
Example 3.43: Let M = ((Zio U Dy +} = (Z2 UD, E, 
D og Hoo L, L, E, K, E, ip, B, Dy + K, Io +I and so on, 
+} be the natural neutrosophic finite neutrosophic modulo 
integer semigroup. 


We see M is a S-semigroup. 

P, = (Zi, +} is a group under +. 

P, = (Zi; UI) is a S-semigroup. Thus M is a S-semigroup. 
The following theorems are proved. 


THEOREM 3.4: Let S = {(Z, UI), x] be a natural neutrosophic 
finite neutrosophic integers semigroup. 


i. S is a S-semigroup if and only if Z, is a S- 
semigroup. 

ii. If S has zero divisors then S has natural 
neutrosophic zero divisors. 

iii. S has subsemigroups. 

iv. S has idempotents and natural neutrosophic 
idempotents. 


Proof is direct and hence left as an exercise to the reader. 


THEOREM 3.5: Let S = {(Z, U I), +} be the natural 
neutrosophic finite neutrosophic integers semigroup. 
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i. S is always a S-semigroup. 
ii. | o(S) < ve 
iii. | S has neutrosophic idempotents. 
Proof is direct and is left as an exercise to the reader. 
Next we proceed onto define a new product on the additive 
semigroup built using 
S=((Z, U D, +). o(S) < œ but o(S) > o(((Z, Y Di, xX}. 


We will first describe this situation by an example. 


Example 3.44: Let P = (((Zs U Dy +), x) be the natural 
neutrosophic finite integer neutrosophic semigroup. 


S has idempotents zero divisors and neutrosophic zero 
divisors and neutrosophic idempotents. 


For x = I} + I, + If e€ P is such that 
xxx EC 41) eel) 


=H+h+U +h 


I I 
=I[,+I1, € P. 
This is the way product operation is performed on P. 
y = I, + Ij, is a natural neutrosophic zero divisors. 


Thus x is a natural neutrosophic nilpotent element of order 
three. 


Example 3.45: Let W = (((Zi U Dy +), x) be the natural 
neutrosophic finite neutrosophic semigroup. 
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Let x = L +1, tL pn. and y = 5 tL. e W. 


xxy= (1, + Ls + Is * nj x (I; + Fear) 
= i +I + Gi +l, +I 
=h +I +h EW. 

W is a S-semigroup. 


This is the way product is performed on W. 


Example 3.46: Let V = {((Z;; U I), +) x} be the natural 
neutrosophic finite neutrosophic integer semigroup. 


V has neutrosophic idempotents. Thus V has 
subsemigroups. 


Infact V is a S-semigroup. 


Next we proceed on to develop the neutrosophic interval 
semirings. 


All properties associated with natural neutrosophic 
semigroups can be derived as matter of routine so left as an 
exercise to the reader. 


Example 3.47: Let S = {(Z U Dy +, x] be the natural 
neutrosophic finite neutrosophic modulo integer semiring. 


o(S) is finite and this is the first time naturally finite 
semirings are constructed. 


These semirings solves the open conjectures; does there 
exist semirings of finite characteristic. 
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The answer is yes we can have semirings of finite 
characteristic some of them are of infinite order and some are of 
finite order. 


Example 3.48: Let S = {(Zj. U Dy +, X) be the natural 
neutrosophic finite neutrosophic modulo integer semiring. 


Clearly S is of characteristic 12. We see S has both zero 
divisors and natural neutrosophic zero divisors. 


Several properties associated with them can be derived. S 
has also natural neutrosophic idempotents. 


For x = y= bo z= Q + Ņ + Ņ are all natural 


neutrosophic idempotents in S. 

For x’ = (V, + Da + G,) x (Ij + Uy + Ly) 

I I I 
= l + Ly + iy =x. 

Hence z is a natural neutrosophic idempotent. 

S contains a subring so S is a SS-semiring. 

Several properties regarding natural neutrosophic finite 
neutrosophic modulo integer semirings can be derived and it is 
considered as a matter of routine and is left as an exercise to the 


reader. 


Next we proceed onto describe MOD neutrosophic interval 
semigroup under + and x and the pseudo semirings. 


Example 3.49: Let B = (([0, 6) U D, X} be the MOD natural 
neutrosophic interval semigroup. 


B has zero divisors, idempotents, MOD neutrosophic zero 
divisors and idempotents. 
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I I. ql I I. [T 
x=, I, xb; =. 


n x I =I; 


I I. ql 
41? L xI -I 


and so on are MOD neutrosophic idempotents in B. 


: I I yg I I y 
Consider I, X I; =I). Lok, =h, 
I I. ql 
L;xL-l, 


and so on are MOD neutrosophic zero divisors in B. 


Example 3.50: Let M = (([0, 7) U D, x} be the MOD 
neutrosophic interval neutrosophic semigroup of infinite order. 


Io I), G G are in M and some of them are idempotents. 


However pseudo zero divisor and MOD neutrosophic zero 
divisors of M are given. 


I I I I I I 
Ls. Ls s4351 I; js. Last To y5.41.751 and SO on. 


Study of existence MOD neutrosophic idempotents and zero 
divisors happens to be an interesting and a difficult problem, 
when the MOD intervals [0, n), where n a prime is used. 


Example 3.51: Let S = (([0, 18) U I, X} be the MOD 
neutrosophic interval neutrosophic semigroup. 


S has zero divisors, pseudo zero divisors as well as MOD 
neutrosophic zero divisors and pseudo zero divisors. 


I I I I I I I I I I I 
h> I,, b, L, hir la: Le Ij; Ls Ls. Tors and so on. 
IL, x I, =I xt =f 


121 12I 0 6I 6I 
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and so on are MOD neutrosophic zero divisors of S. 
I I _ fl I I _ YI 
I, x I, =I, and L; XLI, = Toy 


=]! 


I 
xI 9 -- 9I 


I 
I 9 --9I 


9 -- 9I 
are some of the MOD neutrosophic idempotents of S. 
In view of this the following theorem proved. 


THEOREM 3.6: Let B = [([0, n) U I} x] be the MOD 
neutrosophic interval neutrosophic semigroup. 


i. B has MOD neutrosophic zero divisors if Z, has zero 
divisors. 

ii. B has MOD neutrosophic idempotents if Z, has 
idempotents. 

iii. B has MOD neutrosophic pseudo zero divisors if [0, n) 
has pseudo zero divisors. 


Proof is direct and hence left as an exercise to the reader. 


Next we generate MOD neutrosophic interval neutrosophic 
semigroup under the operation +. 


This is illustrated by some examples. 


Example 3.52: Let S = ((([0, 6) U Dj +} be the MOD 
neutrosophic interval neutrosophic semigroup as 
D, + D, =], and 

D,,,;-LDL,,,-L,,, are idempotents under sum. 


Further as P; = ([0, 6) O I) c S and P, is a group. 


Likewise P; = [0, 6) is also a group under +. 
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P; = (Z6 U D is again a group under +. 
P, = Z is again a group under +. 


Thus P c P c P; CS is chain of group and hence S is a 
S-semigroup. 


Several interesting properties in this direction can be 
derived and it is considered as a matter of routine and left as an 
exercise to the reader. 


Example 3.53: Let W = (([0, 7) U D, +} be the MOD 
neutrosophic interval neutrosophic semigroup. 
IB Toss je liii 


354351 are all some of the 


IEEE 


35* 35I* 


MOD neutrosophic idempotents of W. 
In view of all these we have the following result. 


THEOREM 3.7: Let 
S = ((([0, n) UD), €) be the MOD neutrosophic interval 
neutrosophic semigroup generated under +. 


i. S is a S-semigroup. 

ii. | S has MOD neutrosophic idempotents.. 

iii. | S has subsemigroups of infinite order which are not 
ideals. 


The proof is direct and hence left as an exercise to the reader. 


Next we proceed onto describe MOD neutrosophic interval 
neutrosophic semigroups under x on the semigroup 
KIO, n) U D, +) by examples. 


Example 3.54: Let M = ((([0, 10) U Dr, +), x} be the MOD 
neutrosophic interval neutrosophic semigroup under product. 
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M is of infinite order. M has zero divisors, idempotents, 
pseudo zero divisors, neutrosophic zero divisors, idempotents 
and neutrosophic pseudo zero divisors. 


Example 3.55: Let B = (([0, 11) U Dy +), x} be the MOD 
neutrosophic interval neutrosophic semigroup under x. 


B is a S-semigroup. 


We define I x I, = I, as we give more importance to the 


natural neutrosophic numbers only so I x I = Di „p € [0, 11). 


Study in this direction is interesting and innovative and is 
left for the reader as it is considered as a matter of routine. 


Next we proceed onto give examples of MOD neutrosophic 
interval neutrosophic semirings. 


Example 3.56: Let S = (([0, 9) U Dr +, x} be the MOD 
neutrosophic interval neutrosophic pseudo semiring. 


S has MOD neutrosophic zero divisors and MOD 
neutrosophic idempotents. S is only a pseudo semiring as the 
distributive laws are not true in general. 

I I I I 
I Ler Giese lsr}; are some of the 


3431? 


II 


6I? 


MOD neutrosophic elements of S. 
I I |. ql fi I _ Tl 
We see I, x Ig = Ip, Ij; X Ier = Ip and so on. 


Example 3.57: Let S = (([0, 14) U Dr, +, x} be the MOD 
neutrosophic interval neutrosophic pseudo semiring. 


S is not a semifield. S has zero divisors and MOD 
neutrosophic zero divisors. 


D xL, =Ñ, I; x É, 2 I are neutrosophic zero divisors. 
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I es I Io 
Li x Li = hi LxL=L and 
I I EE 

DrX bin -L,; 


are MOD neutrosophic idempotents. Zı4 c S is a ring so S is a 
SS-ring. Likewise S can be proved to be SSS-semiring. 


Thus study in this direction is interesting and innovative and 
it is left as an exercise to the reader. 


Example 3.58: Let M = (([0, 12) U Dr +, x} be the MOD 
neutrosophic interval neutrosophic pseudo semiring. 


I 


Letx= L +h, -L,, +]; and 


y= I+ Lu + I e€ M; 
xxy=i 
thus M has MOD neutrosophic zero divisors. So M is not a 
pseudo semifield. Now Zi; C M is a subring of M so M is a 
SS-semiring. 
Clearly if x = I, + I, € M. 
XO Xm (£ + Lj x (£ * I.) 
= +i + ly +l, 


=I, +1, =xeM. 


Thus M has MOD neutrosophic idempotents. 
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Also I, +I, =I, is a MOD neutrosophic idempotent with 
respect to + of M. 


Letx= D +L +0,+1, +], eM. 


xxx= D+% + +1, + I, =x is also an idempotent 
which is MOD neutrosophic. 


Let P = [0, 12)I c M; clearly P is a pseudo ideal of M. 
R = [0, 12) is only a pseudo subsemiring of M. 


Thus M has ideals of infinite order as well as subsemirings 
of infinite order which are not ideals. 


In view of all these we have the following theorem. 


THEOREM 3.8: Let S -(([0, n) U I, +, x] be the MOD 
neutrosophic interval neutrosophic pseudo semiring. 


i. o(S) = ee 

ii. | S has MOD neutrosophic zero divisors if [0, n) has 
zero divisors. 

iii. | S has MOD neutrosophic idempotents. 

iv. S has [0, nl] = P CS to be the MOD neutrosophic 
pseudo ideal. 

y. R = [0 n) c S is a MOD neutrosophic pseudo 
subsemiring. 

vi. Sis aSS-pseudo semiring. 

vii. S is a SSS-pseudo semiring if and only if Z, is a S- 
ring. 


Proof is direct and hence left as an exercise to the reader. 


We suggest the following problems. 
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Problems 


1. 


Give some interesting properties associated with C'(Z,) the 
natural neutrosophic finite complex modulo integers. 


Let S = (C(Z4), x] be the natural neutrosophic finite 
complex modulo integer semigroup. 


i. Is S aS-semigroup? 

ii. Find o(S). 

iii. Can S have S-ideals? 

iv. Can S have S-zero divisors? 

v. Can S have natural neutrosophic S zero divisors? 
vi. Can S have idempotents? 

vii. Can S have natural neutrosophic S-idempotents? 
viii. Obtain any other special property associated with S. 


Let S = (C(Z;), x] be the natural neutrosophic finite 
complex modulo integer semigroup. 


Study question i to viii of problem 2 for this S. 


Let W = (C'Z5) x] be the natural neutrosophic finite 
complex modulo integer semigroup. 


Study questions i to viii of problem 2 for this W. 


Let M = (CZ), x} be the natural neutrosophic finite 
complex modulo integer semigroup. 


Obtain all special features enjoyed by M when; 
i. nisaprime 

ii. nisa composite number 

iii. n = p; p a prime t > 0. 


Let S = (C(Z4), +} be the natural neutrosophic finite 
complex modulo integer semigroup under +. 


i. Findo(S). 


10. 


11. 
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ii. Find S-ideals if any in S. 

iil. Is S a S-semigroup? 

iv. Find subsemigroups which are not ideals. 
v. Find idempotents of S. 


Let P = (C'(Z5), +} be the natural neutrosophic complex 
modulo integer semigroup. 


Study questions i to v of problem 6 for this P. 


Let S = (C(Z), +} be the natural neutrosophic finite 
complex modulo integer semigroup. 


Study all the special features enjoyed by S when 
i. nisaprime. 

ii. nisa composite number. 

iii. n= p; pa primet2 2. 


Let V = ((C'(Zij), +), X} be the natural neutrosophic finite 
complex modulo integer semigroup under x. 


i. Findo(V). 

ii. Find all natural neutrosophic elements of V. 

iii. Find all natural neutrosophic zero divisors of V. 
iv. Find all natural neutrosophic idempotents of V. 
v. Is V a S-semigroups? 

vi. Can V have S-ideals? 

vii. Can V have S-zero divisors? 

viii. Obtain any other property enjoyed by V. 


Let W = {(C'(17), +), x) be the natural neutrosophic finite 
complex modulo integer semigroup under x. 


Study questions i to vii of problem 9 for this W. 


Let X = ((C'(64), +), x] be the natural neutrosophic finite 
complex modulo integer semigroup under x. 


Study questions i to vii of problem 9 for this X. 
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12. 


13. 


14. 


15. 


16. 


Let S = {C'(Zis), +, x) be the natural neutrosophic finite 
complex modulo integer semiring. 


i. Find o(S). 

ii. Show S is a semiring of finite characteristic 15. 
iii. Find all idempotents of S. 

iv. IS S a S-semiring? 

v. Can S have zero divisors? 

vi. Prove or disprove S has ideals. 

vii. Can S have subsemirings which are not ideals? 
viii.Find any other special feature enjoyed by S. 

ix. Is S a SS-semiring? 

x. Is S a SSS-semiring? 


Let M = (C'(Zj), +, x] be the natural neutrosophic finite 
complex modulo integer semiring. 


i. Study questions i to x of problem 12 for this M. 
ii. Obtain any other special or distinct feature enjoyed by 
M. 


Let W = [CZ o); +, X) be the natural neutrosophic finite 
complex modulo integer semiring. 


Study questions i to x of problem 12 for this W. 


Let S = (C([0, 20));} be the MOD neutrosophic finite 
complex modulo integer set. 


i. Study all the special features enjoyed by S. 
ii. If 20 is replaced by 29 study the special features and 
compare them. 


Let B = (CK[0, 24)), x} be the MOD neutrosophic finite 
complex modulo integer semigroup. 


i. Prove o(B) =~. 
ii. Can ideals of B be of finite order? 


17. 


18. 


19. 


20. 


21. 
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iil. Is B a S-semigroup? 

iv. Find all MOD neutrosophic zero divisors. 
Is it a finite collection or an infinite collection? 

v. Findall MOD neutrosophic idempotents. (Is it a finite 
collection?) 

vi. Can B have S-MOD neutrosophic zero divisors? 

vii. Can B have S MOD neutrosophic idempotents? 

viii. Obtain any other special feature enjoyed by B. 


Let M = (C'([0, 19)), x} be the MOD neutrosophic finite 
complex modulo integer semigroup. 


Study questions i to viii of problem 16 for this M. 


Let W = (C([0, 64)), x) be the MOD neutrosophic finite 
complex modulo integer semigroup. 


Study questions i to viii of problem 16 for this W. 


Let V = (C'([0, 64)), +} be the MOD neutrosophic finite 
complex modulo integer semigroup. 


Study questions i to viii of problem 16 for this V. 


Let S = ((C([0, 45)), +);} be the MOD neutrosophic finite 
complex modulo integer additive semigroup. 


i. Find all MOD neutrosophic idempotents of S. 

ii. Can S have ideals? 

iil. Prove S is always a S-semigroup. 

iv. Can S have any other special feature enjoyed by it? 
v. Prove S has also finite order subsemigroups. 


Let W = ((C([0, 37)), +):} be the MOD neutrosophic finite 
complex modulo integer semigroup. 


Study question from i to v of problem 20 for this W. 
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22. 


23. 


24. 


25. 


26. 


Let A = {(C({0, 128)), +);} be the MOD neutrosophic finite 
complex modulo integer semigroup. 


Study question from i to v of problem 20 for this A. 


Let V = ((C([0, 48)), +), x} be the MOD neutrosophic finite 
complex modulo integer semigroup under x. 


i. Show o(V)z ee. 


ii. Show V has infinite number of MOD neutrosophic zero 
divisors. 

iii. Show V has infinite order ideals. 

iv. Can V have finite order ideals? 

v. Can V have S-subsemigroups? 

vi. Can V have S MOD neutrosophic idempotents? 

vii. Can V have S-MOD neutrosophic zero divisors? 

viii.Can S have nilpotents of order two? 

ix. Obtain any other special feature enjoyed by S. 


Let W = ((C([0, 23), +), X} be the MOD neutrosophic finite 
complex modulo integer semigroup. 


Study questions i to ix of problem 23 for this W. 


Let V = ((C([0, 625), +);, x} be the MOD neutrosophic finite 
complex modulo integer semigroup. 


Study questions i to ix of problem 23 for this V. 


Let D = (C'([0, 28), +, x) be the MOD neutrosophic finite 
complex modulo integer pseudo semiring. 


1. Findo(D). 

ii. Can D be a S-semiring? 

iii. Is D a SS-semiring? 

iv. Can D be a SSS-semiring? 

v. Can D have MOD neutrosophic idempotents? 
vi. Can D have MOD neutrosophic zero divisors? 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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vii. Can D have S-MOD neutrosophic zero divisors? 
viii.Can D have pseudo S-ideals? 

ix. Can S have pseudo ideals of finite order? 

x. Obtain any other special feature enjoyed by S. 


Let V = (CK[0, 37)), +, x} be the MOD neutrosophic finite 
complex modulo integer pseudo semiring. 


Study questions i to x of problem 26 for this V. 
Let M = (C'([0, 256)), +, x) be the MOD neutrosophic finite 
complex modulo integer pseudo semiring. 


Study questions i to x of problem 26 for this M. 


Let S = ((Za U Di) be the natural neutrosophic modulo 
integer set. 


i. Study all properties enjoyed by S. 
ii. Find o(S). 


Let Z = {(Z)3 U Dy) be the natural neutrosophic finite 
neutrosophic modulo integer set. 


Study questions i and ii of problem 29 for this Z. 


Let Y = ((Zis U Di] be the natural neutrosophic finite 
neutrosophic modulo integer set. 


Study questions i and ii of problem 29 for this Y. 


Let L = ((Zos; U Dj) be the natural neutrosophic finite 
neutrosophic modulo integer set. 


Study questions i and ii of problem 29 for this L. 


Let M = {(Z47 U D x) be the natural neutrosophic finite 
natural neutrosophic modulo integer semigroup. 


i. Find o(M). 
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34. 


35. 


36. 


37. 


38. 


39. 


ii. Can M have S-ideals? 

iii. Is M a S-semigroup? 

iv. Can M have natural neutrosophic zero divisors? 
v. CanM have natural neutrosophic S-idempotents? 
vi. Find any other special feature enjoyed by M. 

vii. Can M have ideals which are not S-ideals? 

viii. Obtain any other special feature enjoyed by M. 


Let N = {(Zo4 U Dy X} be the natural neutrosophic modulo 
integer semigroup. 


Study questions i and viii of problem 33 for this N. 


Let P = ((Zos; U Di, X] be the natural neutrosophic modulo 
integer neutrosophic semigroup. 


Study questions i and viii of problem 33 for this P. 


Let L = (((Zos U D), +);} be the natural neutrosophic modulo 
neutrosophic integer semigroup under +. 


i. Prove Lis a S-semigroup. 

ii. Show L is not a group as it contains idempotents 
under +. 

ill. o(L) < œ prove. 

iv. Can L have ideals? 

v. CanL have finite order subsemigroups? 


Let Q = (((Zos U D +);} be the natural neutrosophic finite 
neutrosophic modulo integer semigroup. 


Study questions i and v of problem 36 for this Q. 
Study questions of problem 36 for Z,; replaced by Zs3. 
Let W = (Q, x} (Q as in problem 37) be the natural 


neutrosophic finite natural modulo integer neutrosophic 
semigroup under x. 


40. 


41. 


42. 


43. 


44. 
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i. Find o(W). 

ii. Is W a S-semigroup? 

iii. Can W have S-ideals? 

iv. Can W have S-idempotents? 

v. Find all natural neutrosophic elements of W. 

vi. Find subsemigroups which are not ideals. 

vii. Can W have natural neutrosophic zero divisors? 
viii.Can W have S-natural neutrosophic zero divisors? 


M = (((Zis U Dr +), X) be the natural neutrosophic finite 
neutrosophic modulo integer semigroup under x. 


Study questions i to viii of problem 39 for this M. 


Study question i to viii of problem 39 by replacing Z45 by 
Z5 in problem 40. 


Let M = ((Zig U Ij, +, X} be the natural neutrosophic finite 
modulo integer neutrosophic semiring. 


i. Prove o(M) is finite. 

li. Prove characteristics of M is 40. 

lii. Show M is never a semifield. 

iv. Prove M has additive idempotents. 

v. Prove M has idempotents under product. 
vi. Prove M has zero divisors. 

vii. Prove M have S-zero divisors. 

vili.Can M have ideals? 

ix. Can M have S-ideals? 


Let N = ((Zoi; U Dy, +, X] be the natural neutrosophic finite 
neutrosophic modulo integer semiring. 


Study questions i and ix of problem 42 for this N. 


Let T = ((Zi4 U Dy, +, x] be the natural neutrosophic finite 
modulo integer semiring. 


Study questions i and ix of problem 42 for this T. 
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45. 


46. 


47. 


48. 


49. 


50. 


Let M = ((([0, n) U Di) be the MOD neutrosophic interval 
modulo integer set. 


i. Study all properties associated with M. 
ii. Study if n is replaced by 4, 5, 81 and 48. 


Let B = (([0, 20) U Ij, x} be the MOD neutrosophic interval 
semigroup. 


i. Prove B is of infinite order. 

ii. Can B be a S-semigroup? 

iii. Can B have MOD neutrosophic zero divisors? 
iv. Can B have MOD neutrosophic idempotents? 

v. Can ideals of B be of finite order? 

vi. Can B have S-MOD neutrosophic zero divisors? 
vii. Can B have S-MOD neutrosophic idempotents? 


In problem (46) in B, [0, 20) is replaced by [0, 43), study 
questions i to vii of problem 46 for that B. 


Let M = (([0, 49) U Di x) be the MOD neutrosophic 
interval semigroup. 


Study questions i to vii of problem 46 for this M. 


Let L = (([0, n) U Dj, +)} be the MOD neutrosophic interval 
semigroup under +. 


i. Prove Lis always a S-semigroup. 

ii. Prove L has idempotents. 

iii. Obtain all special features enjoyed by L. 

iv. Can L have ideals? 

v. CanL have subsemigroups of infinite order which are 
not ideals? 

vi. Obtain all special features enjoyed by L. 


Let S = (([0, 9) U D, +, x] be the MOD neutrosophic 
interval pseudo semiring. 
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i. Prove o(S) =. 

ii. Can S have ideals of finite order? 

iii. Can S have S-idempotents and S-MOD neutrosophic 
idempotents? 

iv. Can S have S-ideals? 

v. Can S have S-zero divisors and S-MOD neutrosophic 
Zero divisors? 

vi. Prove S is a SS-semiring. 

vii. When will S be a SSS-semiring? 

viii. Obtain any other special features enjoyed by S. 


51. Let V = (([0, 48) U Dr, +, X} be the MOD neutrosophic 
interval pseudo semiring. 


Study questions i to viii of problem 50 for this V. 


52. Let W = (([0, 143) U Dy, +, x) be the MOD neutrosophic 
interval pseudo semiring. 


Study questions i to viii of problem 50 for this W. 


53. Let M = (([0, 144) U Dy, +, x) be the MOD neutrosophic 
interval pseudo semiring. 


Study questions i to viii of problem 50 for this M. 
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of natural neutrosophic 


numbers using MOD 
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can be neutrosophic 

zero divisors or 
idempotents or nilpotents. 
Several open problems 
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